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7�8:9<;>=@?BA.CEDGFHDJI<7 ?BAB?LK.;M9<?BAN8PO-DGFHD
Q+RTSVUXWZYB[�\]\_^`WLS]WLaTb`\+S]W]cd\Vegf bNU�hiRjUX\VeNbdRlknmBcdWT^`Wjk`oNYBp-[qbNr�S]W]cd\VegfqRjoNb`\skd\VtNuNbNr

^`WstNvge`SZRThEwyxsbdRjz]edRTh{h|oN}~\-edRj�VkdW�f(\VoNbNY��+edRj�Lo`WT�X\]SVo`WTr4SVUjRjULb`SVULbN�`\]SVtgWTr4�$bN�]bNt�\XwTm
wV��\]WTeNbNY�tNeNbNULbN�`\]SVtgWTzZW4^`WT�X\�cd\VoNbNY<wTmiwZ��SVo`WT�L}�WT^Nb`SZRjoNbNY�edRj�]�LbNUXWTr6ULvge`aTvlkd\VoNULo`Wj�
SVULbnwTm`wZ�(v�oNtNuNb`WTodRlk`�LoN}~\~h{\VUXWZc`}��-tN�:RjoNUXWT�XWTr UX\]WTeNbNb ^`Wjk`Y<wTmNwV�_eNb`h{\Vo`\VoNb`\@h{\VUXWj�
cdWT��tN�:RjoNUXWT�XWTr.UX\]WTeNbNb�^`Wjk`Y�t�^Ne`WLajkd\]h{\qh|o`WTz]bB��UX\�k�wTm`�NbNUTRT\]h|}���cNk`Y�SVULvlcd\VoNUXWT�
����mT�qmj�_�<tNv�e`S]WT�+�$bN�]bN�`\]SVtgWTzZW(�sRjtNv�k`�lUX\VUjRs���$aL�<�~�g��ULb tNvge`SV}EWLaT�<\�c`bNo`\VoN}�UX\]h@m
�NUXW+�$oNbB�qt ��RlcMRZ�dRTh�SVUjRjULb`SVULbN�`\]SVt�WTr4�$bN�]bNtNb ^NeNb`h{\VoNYBp-UXSyY�^`\VeNULvge`aXRjULbN�LoN}~\�h{\��
UXWZc`}�tN�:RjoNUXWT�XWTr.UX\]WTeNbNb�^`Wjk`Y��
�-�NbNUL}@�:RjY S�kdW�f o`WLSVUL�¡WLaLSVvgf�cMRT\]h|}�� ^Ne`WLajkd\]h@m���^`WLS]WLaTbNb bN�VkdW�f(\VoN}¢k`bN£q�

WLSVo`WT�L}�^`WZcN�:W]cMR_t�b`S]S�kd\�cdWT�:RjoNbNpE�gRjedRjtNUX\VedR+RTSVb`h|^NUXWTULbN�`\]SVtNbB� e:Y�cdWT�$UX\]WTeNbNb �XWT�V�
h|v�[�\VoNbNr�b�bB�4WLaTedRTaLWTULtg\L�>�$WLS]WLaTb`\+^`WT�]�XWjk`YN\VU�SVULvlcd\VoNUjRTh¡edRTSV£(bNeNbNUL��SV�XWL\$^`WToNbB�
hiRjoNb`\(bN�]v��dRT\]h{WTzZW���tNvge`S]\s�L}@£q\Vv�^`WLh|YBoNvgUL}���kd\VtNuNbNr�hiRjUX\VeNbdRlkMR�b.h{W�f(\VU4aT}@UL�
^`Wjkd\V�]oN}~h�cNk`Y$�XS]\��_SV^`\VuNbdRlk`b`SVUXWT�`mlb`SV^`Wjk`�L�]v�p-[qbB�_�sWTe`hiRlk`bN�Zh��$v�oNtNuNb`WTodRlk`�Lo`WTzZW
bNoNUX\Vz]edRlkMR�b6c`bdRjz]edRTh{h|oN}���edRj�VkdW�f(\VoNbNr¤tN�:RjoNUXWT�XWTr�UX\]WTeNbNb#^`Wjk`Y�b�SVUTRjULb`SVULbN�`\��
SVt�WTr.�$bN�]bNtNb<�

¥ ��"-��"$����"

¦�8g§jAB;>¨B;>©q=@?�ª�«¬?B­j?�8�®¬®¬8�¯�8g¨:8�°¬AN8�«M¨B?BAB?�±�¨�©j?B¯¬;>;�®¬?g9¬²�®¬©j¯¬A�?B«�8L³�8:9<´�«¬?�µ�¶�9<?
?Bµ�·B¸Z9<?BAg9�©j«¬?6®¬?g¨B¯¬©lµB«¬?B¸�¨L²¬=@;�¹�;>§T;>°¬;�º�9<©l=@©j«>¨:8g¯¬«¬¶�»�³�8g¸l¨B;>¼|D|½�¸l°`?B¯¬©�µ�¶�9<?
§L8�=@©l³¬©j«¬?>I>³>¨�?4¸�»N?j¾n«¬¶$© ®¬?j¾�»B?j¾n¶/=@?�­l·`¨4¸(·�¸j®¬©Z»N?B=�®¬¯¬;>=@©j«>²M¨B´B¸V²�;�®>¯¬;6?B®¬;M¿
¸T8�«¬;>;¡¾n¯>·d­j;d» ¹�;>§T;>³¬©j¸l°¬;M»À¸j;¬¸�¨B©j=$I�?BµB¶$³¬«¬?#¸�µB?:9<´�ÁP;>=Â;M9<;Ãµ�©j¸j°`?B«>©j³¬«¬¶$=
³¬;¬¸�9�?B=Ä¸l¨�©j®¬©l«¬©j±Å¸lAB?BµB?j¾n¶ D+O�8g°d?�AB¶$©�I$A�³�8�¸�¨B«¬?B¸�¨B;|I(?�¨B«>?B¸V²>¨�¸V²Å°/?�µg9n8�¸�¨B;
;¬¸j¸Z9<©Z¾n?�AN8�«¬;>²�¸�¨:8g¨B;>¸l¨B;>³¬©j¸l°d?�±Ã¹�;>§T;¬°>;|D{7�8�®¬¯¬;>=@©j¯|I�°¬AN8�«>¨�?BAB?g¿Æ®¬?g9<©lAB¶$©P=@©Z¿
¨B?j¾n¶Ç?�°M8:§L8:9<;>¸j´�«�8�;>µB?g9<©l©68X¾n©l°¬AN8g¨�«¬¶$=@;À¾�9�² ?B®>;¬¸T8�«>;>² °¬¯¬;M¨B;¬³¬©l¸j°`?B­l?À®¬?g¿
AB©Z¾n©l«¬;>²ÉÈÊ¹�8g§j?BAB¶�»�®>©j¯¬©Z»N?j¾n?BAËA�¨B?B¯>?B­j?�¯¬?j¾�8NÌZI_¯�8g§jAB;>¨B?�±Í¨g·M¯>µ�·L9<©j«>¨�«¬?B¸�¨B;|I
¯�8g§T«>?B?BµB¯�8:§T«¬¶�»�=@?j¾n©Z9<©j±#¸�9�·d³�8g±¬«¬¶�»�µg9�·`K4¾�8�«¬;>±�;�¸l°d©l±M9<;¬«>­j?BAB¶�»�²>Ag9<©j«>;¬±
A.®¬?:9<;¬=@©j¯¬8:»�D
Î AN8�«M¨B?BAB?:¿Ï®¬?g9�©jAB¶$©P=@©�¨B?j¾n¶ÐA6µB?g9<´�Á�;¬«¬¸�¨BAB©4¸lAB?B©j=Í?B¸l«¬?BAN8�«>¶Ñ«¬8�¨B©j?�¯¬;¬;

AB?�§T=�·`ª�©j«¬;¬±�®¬?�¯�8g§�9<;¬³¬«>¶$=Ð®�8g¯�8�=@©l¨�¯�8�=$I@«�8g®¬¯¬;¬=@©l¯|I�®¬?�®¬?�¸l¨B?L²>«¬«¬?B±Ò¨B?B«d¿
°d?�±Ã¸l¨�¯>·d°>¨�·d¯¬¶

α ≈ 1/137
A#°¬AN8�«>¨�?BAB?B±Eº�9<©l°>¨B¯>?T¾<;¬«�8�=@;¬°`©gD@½�¶$³¬;¬¸Z9<©j«>«¬¶$©

°¤«�8�¸�¨B?L²>ª�©j=�·¤A�¯¬©j=@©l«¬;¤®¬©l¯¬AB¶$©�ÓTÔXÕnÓXÖ�®¬?B¯N²d¾n°`?BA�¨B©l?B¯¬;¬;�AB?g§T=�·`ªP©l«¬;¬±�®¬?
α?B®¬¯¬©]¾n©�9�²>×(¨.¹�;>§T;¬³>©j¸j°>;¬©�«¬8�µg9<×-¾�8g©j=@¶$©�¸j?�AB¸l©�·X9¬·M³MÁ48�×sªP©j±>¸V²#¨�?B³¬«¬?B¸�¨B´B×�D

Ø ¾<«�8�°`?�AB?�®¬¯¬?B¸+?�¸�»N?j¾n;¬=@?�¸l¨B;6®>?g9�·d³�8�©l=@¶�»�¯N²`¾n?BA�®¬¯¬©Z¾<¸l¨:8�Ag9¬²¬©l¨�¸V²6®¬?�°¬¯�8�±d¿
«¬©j±#=@©j¯¬©�;¬«>¨�©j¯¬©l¸j«¬¶$=�¸ ¨B©l?B¯¬©l¨�;¬³¬©l¸j°`?B±�¨B?B³>°¬;#§j¯¬©j«¬;M²|D�Ù~¸l¨:8�«>?BAg9<©l«¬?¬In³>¨B?�A
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µB?g9<´�Á�;¬«¬¸�¨BAB©�¸�9¬·M³¬8�©jA�¯N²d¾n¶Ð°¬AN8�«M¨B?BAB?:¿Ï®¬?g9�©jAB?B±#¨B©j?�¯¬;¬;¡AB?�§T=�·`ª�©j«¬;¬±¡«¬?B¸V²M¨
8�¸j;¬=@®M¨B?�¨�;¬³¬©j¸l°¬;¬±Ò»`8�¯�8g°>¨B©l¯|D��q¸l;¬=@®>¨�?�¨B;¬³>©j¸j°>;¬©#¯N²`¾n¶�� AB?B?�µ�ªP©.«¬©j¯¬©]¾n°`?B©
²¬Ag9<©l«¬;¬©�A6¨B©l?B¯¬©l¨�;¬³¬©l¸j°`?B± ¹�;>§T;>°d©gI{?�¨B¸�·`¨B¸l¨�AB;¬©.¸�»N?j¾n;¬=@?B¸�¨B;Ã¯N²`¾�8�«>©4=@©lÁ48X¿
©l¨P©l­j?P®>¯�8�°>¨�;¬³¬©j¸l°`?B=�·�;>¸j®¬?g9�´�§T?BAB8�«¬;¬×/®¬¯¬;�=~8X9<?B=Ã®�8g¯�8�=@©l¨�¯¬©�¯�8:§l9<?LK4©l«¬;>²|I
¸#³¬©l=1=@¶Ç;Ë¸l¨:8:9�°¬;¬AN8�©l=@¸V² A¡°¬AN8�«M¨B?BAB?�± º�9�©j°>¨�¯¬?j¾n;¬«�8�=@;>°d©gD Ø ¾n«¬8�°`?�A¡¸l¨:8X¿
¨B;¬¸�¨B;¬³¬©l¸j°`?B±¡¹�;>§T;¬°`©P¯>©T8:9<´�«¬¶$±�®�8�¯�8g=@©l¨B¯�¯�8g§l9�?XKP©j«¬;>²�³�8�¸�¨B?�?B°d8g§j¶$AN8�©�¨B¸V²
®¬?B¯N²d¾n°d8P©]¾n;¬«¬;¬¼>¶1È A�°d8L³¬©j¸�¨BAB©�®¬¯¬;>=@©j¯�8�§Z¾n©j¸l´4=@?XK.«¬?�AB¸j®¬?�=@«¬;>¨B´4=@©�¨B?j¾#¯¬©Z¿
«¬?B¯¬=~8:9�;>§L8�¼>;¬?B«¬«¬?�±�­l¯>·d®¬®¬¶�;

ε
¿Æ¯�8g§�9<?LK4©j«¬;>©��JÓ�I Ú�� Ì�D�½1ºl¨B?�±�¸l;>¨�·B8�¼¬;¬;�®¬?g¿

¸�9<©]¾<·d×(ªP;>©#³M9�©j«¬¶�¯�8g§l9�?XKP©j«¬;¬±Ò?B°d8g§j¶$AN8�×s¨B¸V²Ò®¬?B¯N²`¾n°d8�;d9<;À¾�8gK4©�µ�?g9<´�Á�©
®¬¯¬©Z¾<¶-¾<·`ªP;M»�Ii;¤«¬©l?BµT»N?j¾n;¬=~8�?Bµgª48g²#;¬«¬¹�?B¯¬=~8g¼¬;>²¤?�®¬?BAB©]¾n©j«¬;>;�¯�8�¸j¸l=~8g¨B¯>;M¿
AN8�©j=@¶�»�¯N²`¾n?BA	�¬¸�»B?j¾<²>¨�¸V²¤?B«¬;�;M9<;�¯�8�¸�»B?j¾<²>¨�¸V²|In°M8g°d?�A.¯�8L¾n;>·B¸�¸�»N?j¾n;>=@?B¸l¨�;|D
O�8�°d8g²�;¬«¬¹�?B¯¬=~8�¼>;>²¤=@?LK4©�¨�µB¶_¨�´6®¬?g9�·d³¬©l«�8�®>·`¨B©l=/;>¸j¸�9�©Z¾n?BAB8�«¬;>²�

�������

������� ����������� � ���� �!�#"%$!& � � �#È'��½)(�ÌZD*(�·B¸l¨�´�«¬©l°`?�¨B?B¯¬8g²ÀA�©�9<;¬³>;¬«�8 f(g)
§L8X¿

¾�8�«�8�¸�¨B©l®¬©j«¬«>¶$=�¯N²d¾n?�=
f(g) =

∑

N f (N)gN I�8�¸j;¬=@®M¨B?�¨�;¬°d8�°`?Bºl¹�¹�;¬¼>;¬©j«>¨�?BA
f (N) ®¬¯¬; N → ∞ ;Í«�8g§j¶$AN8�©�¨B¸V²Å8g¸j;¬=@®>¨�?�¨B;>°d?�±ÂAB¶$¸j?�°¬;M»Í®¬?B¯N²`¾n°`?BA ¾¬9�²
¹�·d«¬°>¼¬;¬;

f
D|7�8�®¬¯>;¬=@©j¯|I ¯�8�¸j¸l=@?�¨�¯¬;¬=+�q½,(�¸�»B?j¾<²>ª�©j­j?�¸V²À¯N²d¾n8�¸4°`?B«>©j³¬«¬¶$=

¯�8X¾n;>·�¸j?B=�¸�»N?j¾n;¬=@?B¸�¨B;E¾�9¬²E¹ ·d«¬°¬¼>;¬;
fα(g) = 1/(g − g0)

α Di¦�8g§l9<?LK4©l«¬;¬©l=ÂA¯`²`¾�O�©j±M9�?B¯�8�«¬©l¨�¯>·T¾n«¬?�«¬8�±>¨B;

fα(g) =
∑

N

f (N)
α gN , f (N)

α =
(−1)α

(g0)N+α

Γ(α + N)

Γ(α)N !
.

ÈyÓXÌ

��½,(É¹ ·d«¬°¬¼>;¬;
fα
?B®>¯¬©Z¾n©Z9�²¬©�¨B¸V²�®¬¯¬©Z¾<©�9<?B=

lim
N→∞

f (N)
α ∼ Nα−1

gN
0

.
È.-BÌ

/48g«¬«¬¶$±�®¬¯¬;¬=@©l¯#;M9>9<×q¸�¨B¯¬;¬¯M·B©l¨XI�³>¨B?��q½,(Ð=@?LK4©�¨4¾n8g¨B´�;¬«¬¹�?B¯>=~8�¼¬;¬×Å?�®¬?g¿
9<?LK4©j«¬;>;E;¤»`8g¯�8�°>¨�©j¯¬©�?B¸l?BµB©j«>«¬?B¸l¨�;E;>¸j¸�9�©Z¾<·�©j=@¶�»À¹�·d«¬°>¼¬;¬±0�{;�¯�8X¾<;>·B¸�¸�»N?:¿
¾n;¬=@?B¸�¨B;/ÈÊ?B®>¯¬©Z¾n©Z9�²¬©�¨B¸V²

g0

Ì�;À¨�;¬® ?B¸l?BµB©j«>«¬?B¸l¨�;ÍÈÊ?B®>¯¬©Z¾n©Z9�²¬©�¨B¸V²�³¬;¬¸Z9<?B=
α
Ì

?T¾<«¬?�§T«¬8X³>«¬?.§T8X¾�8�×s¨B¸V²#©j©�®�8�¯�8g=@©l¨B¯¬8�=@;|D
/�9�²�¸�»N?j¾<²MªP;M»B¸V²�¸l¨�©j®¬©l«¬«¬¶�»�¯`²`¾n?BA�§T«�8�«>;¬©1�q½,(�¸�·dª�©j¸�¨BAB©l«¬«¬?�¾n?B®¬?:9<«>²M¿

©l¨�;¬«>¹�?�¯¬=~8�¼¬;¬×�I�°`?�¨�?B¯>·d×H=@¶%=@?LK4©j=Å®>?g9�·d³¬;>¨�´�;>§6?BµB¶$³>«¬?B±À¨�©j?B¯¬;>; AB?�§l¿
=�·dª�©j«¬;>±|D2(�·B¸�¨B´¬I�«¬8�®¬¯¬;¬=@©l¯|I|¾�9�²Ã«>©j°`?�¨B?�¯¬?B±Ò¹ ·M«>°¬¼¬;¬;

f(g)
«�8�=Å;>§jAB©j¸�¨B©j«

«¬©j°`?�¨�?B¯¬¶$±�?�¨B¯¬©�§T?B°Ò¯N²d¾n8�¨B©j?�¯¬;¬;ÒAB?�§j=�·dª�©j«¬;>± ∑K
i=0 f (i)gi I�8#¨:8�°>KP©6®¬?g9<?g¿K4©j«¬;>©�;�»N8�¯�8�°M¨B©j¯�?�¸j?BµB©l«¬«¬?B¸�¨B;¤«¬8.­j¯¬8�«¬;¬¼¬©�°¬¯>·d­Z8�¸�»B?T¾<;¬=@?B¸l¨�;ËÈÊ«�8�®>¯¬;¬=@©j¯ I

1/(g−g0)
α Ì�DLO�?B­ ¾�8+=@?XK.«¬?$·`¨BAB©l¯NK�¾�8:¨B´¬I:³>¨B?(®¬¯¬©]¾n¸l¨:8�A:9<©j«¬;>©_¹ ·M«>°¬¼¬;¬;PAsAB;d¾<©

f(g) =
1

(g − g0)α

∑

i

f̄ (i)gi,

­ ¾n©�°`?Bºl¹�¹�;¬¼>;¬©j«>¨�¶
f̄ (i) 9<©j­l°d?q?B®¬¯¬©]¾n©�9�²>×(¨�¸V²4®¬?s;>§TAB©l¸l¨�«¬¶$= f (i) IL®¬¯>;¬AB?j¾<²>¨q°µB?g9<´�Á�©j=�·6¯¬8X¾n;>·�¸l·6¸�»B?T¾<;¬=@?B¸l¨�;�«¬?�AB?B­j?4¯N²`¾�8 ∑

i f̄
(i)gi ;�®¬?g§TAB?g9¬²¬×(¨4¨�?B³¬«¬©l©

3



AB?B¸j¸�¨:8�«¬?BA�;>¨B´6AB©Z9<;¬³¬;>«>·
f(g)

D Ø °d8g§T¶$AB8�©l¨�¸V²|I ;�A�¸�9¬·M³¬8�©P¯N²d¾n?�A68�¸j;>=@®>¨B?�¨�;M¿
³¬©j¸l°¬;M» �q½,(Ñ=@?LK4©�¨�¾�8g¨�´�¯¬©j¼¬©l®>¨�®¬?g9�·d³¬©l«¬;>²�»B?B¯¬?�Á�©j­j?�³¬;>¸�9<©l«¬«¬?B­l?.?�¨�AB©l¨:8MD

/�9�²�?B®¬¯>©Z¾n©Z9<©j«¬;M² ��½)( °¬AN8�«>¨�?BAB?g¿Æ®¬?g9<©lAB¶�»�¯�8g§�9<?LK4©j«>;¬± ;¬¸l®¬?g9<´g§j·B©�¨B¸V²
� � � � 
 ��������� ��� 
 � 
��!�	��È ¸j=$D � -MI Ú�� Ì�I$°`?�¨B?�¯¬¶$±Â¸jA�?T¾<;>¨B¸V²�°�;¬¸l¸�9<©]¾n?BAN8�«>;¬×
8�¸j;¬=@®M¨B?�¨�;¬°¬;�¹ ·d«¬°¬¼¬;¬?�«�8:9<´B«>?B­j?.;¬«>¨B©l­j¯�8X9n8�=@©l¨�?j¾n?B= ®¬©l¯¬©jAB8:9n8>D /�9�²#8�¸j;>=�¿
®>¨B?�¨�;¬³¬©l¸j°¬;M»E¯N²d¾<?BA6¯�8g§jAB;>¨B¶Ð¯�8g§j«¬?B?BµB¯¬8g§T«¬¶$©4¸�»B©j=@¶Ð®¬©j¯¬©l¸l·d=@=@;¬¯¬?�AN8�«¬;>² I{A
µB?g9<´�Á�;¬«¬¸�¨BAB©-¸jAB?B©l=¤?B¸l«¬?BAN8�«>«¬¶$©-«¬8(®¬¯¬©l?BµB¯�8:§T?BAN8g«¬;¬;�
�?B¯¬©Z9�²|D Ø µN8+ºl¨B;d»�®>?T¾¬¿
»N?j¾�8�?Bµ�¸l·`K�¾n8�×(¨�¸V²�AP¾�8�«¬«>?B±�¯�8gµB?�¨B©�«�8�®¬¯¬;¬=@©l¯¬©�®>©j¯>¨g·M¯>µN8g¨B;>AB«¬?B­l?6AB¶$³¬;¬¸Z¿
9<©j«¬;M²Ã®¬¯¬?�¸l¨B?�­j?�³>;¬¸�9<?�AB?B­j?#;¬«>¨�©j­j¯¬8:9n8>I ¨B©j?�¯¬;>²EAB?�§T=�·`ª�©j«¬;¬±E¾¬9�²¡°d?g¨B?B¯¬?�­j?
;¬=@©j©�¨�?B¸l«¬?BAB«¬¶$© ³¬©l¯>¨B¶ °¬AB8�«>¨B?�AB?g¿Ï®>?g9<©jA�¶�»�¯�8g§l9�?XKP©j«¬;¬± D�( ¯¬?�¸l¨B?g¨:8q¯�8�¸l¸j=~8g¨:¿
¯¬;¬AN8�©l=@?B­j?�;¬«>¨�©j­j¯¬8:9n8�¾n?B®M·B¸j°d8�©�¨�°`?B«>¨B¯>?g9<´PAB¸l©�».®¬¯¬?�;>§TAB?j¾n;>=@¶�»�®>¯¬©j?Bµ�¯�8g§T?:¿
AN8�«¬;¬± DNO�8�°>KP©�·d°M8:§L8�«¬¶ ¸�9<?LK.«¬?B¸l¨�;�«�8 ®>·`¨�;�®¬¯¬;>=@©j«¬©l«¬;>².¯�8�¸j¸l=~8g¨B¯>;¬AN8�©l=@¶�»
®¬?j¾�»N?j¾n?BA(A(¯>©T8:9<´�«¬¶�»�§L8X¾�8L³�8X»�¸l¨:8g¨�;¬¸l¨�;¬³¬©j¸l°`?B±�¹�;M§T;¬°¬;�;�°¬AB8�«>¨B?�AB?B±�¨B©j?�¯¬;¬;
®¬?g9�² D
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_8g§T?�AB?B±P¨B©l?B¯¬;¬©l±|IN¸_°`?�¨�?B¯¬?B±�¸jAg²>§L8g«4«¬©j¸l?B=@«¬©j«>«¬¶$±.·�¸j®¬©Z»�°¬AN8�«M¨B?BAB?:¿Ï®¬?g9�©jAB¶�»
=@©l¨B?j¾n?�A�A�¨B©j?�¯¬;¬;�°>¯¬;>¨B;>³¬©j¸l°d?�­j?4®¬?BA�©Z¾n©l«¬;>²|IN²>Ag9�²¬©�¨B¸V².=@?j¾n©�9<´

ϕ4 IN°`?B¯¬¯>©�9�²d¿¼¬;¬?B«¬«>¶$©$¹�·d«¬°>¼¬;¬;�°`?�¨B?B¯>?B±�AB¶$¯�8gK�8g×(¨B¸V²P³¬©j¯¬©�§���� � ����� ��� 
���� � ��� � ��� ��� " 
��
� �EAB;d¾�8
∫

Dϕ ϕ(x1)...ϕ(xk)e−S(ϕ),

S(ϕ) ≡
∫

dx

[

1

2

∑

i

∂ϕ(x)

∂xi

∂ϕ(x)

∂xi
+

τ

2
ϕ2(x) +

g

4!
(ϕ2(x))2

]

.
È Ú Ì

/48g«¬«�8g².¨B©j?�¯¬;>²6?B®>;¬¸j¶$AN8g©l¨4¯�8:§T«¬?B?�µB¯�8g§j«¬¶$©�¹�8g§T?�AB¶$©q®¬©l¯¬©�»B?j¾n¶�A�¨�?B¯¬?B­l?P¯¬?g¿
¾�8 �>°>¯¬;>¨B;>³¬©j¸l°>·d× ¨�?B³¬°>·�A4¸j;¬¸�¨B©l=@©�K�;d¾<°d?�¸l¨B´:¿Ï®�8�¯ IM¨B?�³¬°>·6Î ×(¯¬;6AP=~8�­l«¬©l¨�;M¿
°M8X» I�¨�?B³¬°>·�¯�8g¸j¸�9<8�;¬AN8�«>;>²�;�¨XD ¾ D

��·d«¬°¬¼¬;>?B«�8:9<´�«¬¶$± ;¬«>¨�©j­j¯¬8:9�®¬?E®¬?g9<×
ϕ(x)

È Ú Ì4AB¶$³¬;¬¸Z9�²¬©�¨B¸V² AE¹�?�¯¬=@©
& ��
�� " 
 � � � �  " 
���� ��� � � ����D*( ¯¬;Eº�¨B?B=�³M9<©j« I ®>¯¬?B®¬?B¯>¼¬;¬?B«�8X9<´B«¬¶$± g

A�¾n©l±M¿
¸l¨BA�;¬;

S
I�¯�8�¸l¸j=~8g¨�¯¬;¬AN8�©�¨B¸V²�°d8�°#=~8:9<?B©�AB?�§j=�·`ªP©j«>;¬©�I�®¬?.°`?�¨�?B¯¬?B=�·�¸�¨B¯¬?B;M¨B¸V²

¯`²`¾ D@½�¸l©6?BµB¯�8:§T?BAN8gA�ÁP;¬©l¸V²Ò;¬«>¨�©j­j¯¬8:9<¶H¹�8�°>¨�;¬³¬©l¸j°¬;�¸jAB?j¾<²M¨B¸V²�° ­Z8T·B¸l¸j?BAB¶$=
È ¨XD °|D

S
®¬¯¬;

g = 0
� °>AN8X¾n¯�8:¨B;¬³¬«>¶$±Ë¹ ·d«¬°¬¼¬;>?B«�8:9�®¬?:9�²

ϕ
Ì�; =@?�­l·`¨�µB¶_¨B´

AB¶$³¬;¬¸Z9<©j«¬¶ I`?j¾n«�8g°d? ·d®¬?B=�²>«>·`¨B¶$©(AB¶$³¬;¬¸Z9<©j«¬;M².A�©j¸j´�=~8 ¨�¯>·T¾n?B©l=@°¬;! N;M»�¸Z9<?LK�¿
«¬?B¸l¨�´�9n8�AB;>«¬?B?BµB¯¬8g§T«¬?#¯�8�¸�¨B©l¨¤¸�¯¬?B¸�¨B?B= ®¬?�¯`²`¾n°d8#¨B©l?B¯¬;¬; A�?�§T=�·`ªP©l«¬;¬±|I ¨:8�°

Ö



³>¨B?�°�«�8�¸�¨B?L²>ª�©j=�·�=@?B=@©j«M¨�·BIg«¬©j¸l=@?�¨B¯N²�«�8+¨�?¬I:³>¨B?(¯�8g§TA�;>¨�=@?�ª�«¬¶$±�A�¶$³¬;¬¸�9�;M¿
¨B©�9�´B«¬¶$±6¹�?B¯¬=~8:9�;>§T= ;.;¬¸j®¬?:9<´�§j·d×s¨B¸V²�¸j?�AB¯¬©j=@©l«¬«¬¶$©�°`?B=@®>´B×(¨�©j¯¬¶ I¬«¬8�±d¾n©l«¬?
9<;>ÁP´4ÖLÕ���®>©j¯¬AB¶�».³M9�©j«¬?BA�?BµB¸l·`K4¾�8�©l=@¶�»�¯¬8g§l9<?LK4©l«¬;¬±�A�¨B©l?B¯¬;¬;

ϕ4 D
/�9�².®¬?g¿9�·d³¬©j«¬;M²�¾n?B¸l¨:8:¨B?B³¬«>?�¨�?B³¬«¬¶�»�³¬;¬¸�9�?BAB¶�»6¯>©l§j·L9<´L¨:8g¨�?BA�A�¾�8�«¬«¬?�=�¸Z9�·d³�8�© ?B°d8:¿
§T¶$AN8�©�¨B¸V²Í«¬©l?BµT»N?j¾n;¬=@?B±�;¬«>¹�?�¯¬=~8�¼¬;>² ? ��½,( ¯N²d¾n?�AÃ¨B©j?�¯¬;¬;�AB?�§j=�·dª�©j«¬;>±|I
®¬?g9�·d³�8�©l=~8g²�=@©l¨�?T¾<?B= ;¬«¬¸�¨:8�«>¨�?B«¬«¬?B­l?68�«�8X9<;>§L8MD
¦�8�¸j¸l=@?�¨B¯¬;>=Ð?B¸l«¬?BAB«>¶$©�³¬©j¯M¨B¶ ®¬¯¬;¬=@©l«¬©j«¬;M²Ò;¬«¬¸l¨:8g«>¨B?B«>«¬?B­j?E8�«�8X9<;>§L8#«�8

®¬¯¬?B¸�¨B©j±MÁP©j= ®¬¯¬;¬=@©l¯¬© ��AB=@©l¸l¨�?.®¬?:9<©jAB?�±�¨B©j?�¯¬;¬;ÀÈ Ú Ì-?�µB¸l·T¾n;¬=�?BµB¶$°>«¬?BAB©l«¬«¬¶$±
?T¾<«¬?B=@©j¯>«¬¶$±�;¬«M¨B©j­l¯�8:9

I(g) ≡
∞
∫

−∞

dx e−x2/2−gx4/4!,
È 3 Ì

¨B?B³¬«>¶$±E?�¨�AB©l¨�¾¬9�²�°`?�¨B?B¯>?B­j?6=@?LK4©�¨�µB¶_¨B´�AB¶$¯�8:K4©j«�³¬©l¯¬©l§�¹ ·d«¬°¬¼¬;>×%®�8�¯�8:¿
µB?g9<;¬³>©j¸j°`?B­l?�¼¬;M9�;¬«d¾n¯�8�;M9<;#¹�·d«¬°>¼¬;¬×ÉC�8�°d¾n?�«�8:9<´:¾n8¤ÈÊ¸l=$D*� 3 � ÌZI�«¬?�°`?�¨�?B¯¬¶$±
¨:8�°>K4©(9�©j­j°`?�¸j?�¸j³¬;>¨:8:¨B´�AP¹�?B¯¬=@©(¯�8g§l9�?XKP©j«¬;>²�®¬?P°`?B«¬¸�¨:8�«>¨B©

g
D /P8�«¬«¬?�©q¯�8g§�¿

9<?LK4©j«¬;>©�;>=@©j©l¨¡AB¸l©6?B¸j«>?BAB«¬¶$©6³¬©l¯>¨B¶�°¬AN8�«M¨B?BAB?:¿Ï®¬?g9�©jAB?B± ¨�©j?B¯¬;>;�A�?�§T=�·`ªP©Z¿
«¬;¬±|D

/�©j±>¸l¨BA�;>¨B©Z9<´B«¬?¬In«¬©l¸�9<?LK.«¬?.«¬8�®¬;¬¸j8g¨B´

I(g) =

∞
∫

−∞

dx e−x2/2
∞
∑

N=0

1

N !

(

− g

4!
x4

)N

=

∞
∑

N=0

A(N)gN ,

­ ¾n©�°`?Bºl¹�¹�;>¼¬;¬©j«M¨�®¬¯¬;
N
¿Ï=�³M9<©j«>©�¯�8:§l9<?LK4©l«¬;>²

A(N) = (−1)N

√
2π(4N − 1)!

(4!)NN ! 22N−1(2N − 1)!
.

È ÖBÌ

½Ñ°¬AB8�«>¨B?�AB?B±�¨B©l?B¯¬;¬;¡®¬?g9�² È «�8�®¬¯¬;>=@©j¯|I ¾�9�²¡=@?j¾n©�9�; È Ú Ì�Ì�8�«¬8:9<?B­l;¬³¬«¬¶$±�¨B?B³d¿
«¬¶$±�?�¨BAB©�¨4AP®¬¯>?B;>§TA�?g9<´B«¬?�=�®>?B¯N²d¾n°`© «�8�®>;¬¸T8g¨�´4«¬©jA�?�§T=@?LK.«¬?¬Id®¬?Bºl¨�?B=�·�«>©j?Bµg¿
»N?j¾n;¬= 8:9<´L¨B©l¯¬«�8g¨�;¬AB«¬¶$±¤®M·d¨�´.?�®¬¯¬©Z¾<©�9<©l«¬;>² ��½,( ��;¬«¬¸l¨:8g«>¨B?B«>«¬¶$±�8�«�8X9<;>§BD
��¸�»B?j¾n«¬¶$= ©j­l?�®M·M«>°>¨B?B=E²¬Ag9�²>©l¨�¸V²�®¬¯>©Z¾n¸�¨:8�Ag9<©l«¬;¬©

N
¿Ï­l?�°`?Bºl¹�¹�;>¼¬;¬©j«M¨:8�¯�8g§�¿

9<?LK4©j«¬;M²#A�AB;`¾n©
A(N) =

1

2πi

∮

dg

gN+1
I(g),

È��BÌ
;¬«>¨B©l­j¯�8X9¤µB©l¯¬©l¨�¸V²�®¬?P°`?B«>¨g·d¯>·BI�?T»MAN8g¨�¶$AN8�×(ª�©j=�·6«>?g9<´PAP°`?B=@®d9<©j°`¸j«>?B±�®M9<?B¸Z¿
°d?�¸l¨B; D�( ?B¸�9<©]¾n«>²M²P¹�?B¯¬=�·L9n8q?�¸j«¬?BAB8�«�8(«¬8(¨B©l?B¯¬©j=@©_Î�?gÁP;P°`?B=@®M9�©j°`¸j«¬?�­j?�8�«�8:¿
9<;>§L8MI�¸lA�²>§j¶$AN8�×(ª�©j±¤;>«>¨B©l­j¯�8:9¡=@©l¯¬?B=@?B¯>¹�«>?B±�¹ ·d«¬°¬¼¬;>;¤¸�©l©�A�¶$³¬©l¨:8�=@; I ®¬?g¿
®�8X¾�8�×sªP;¬=@;ÍAB«>·`¨�¯¬´ °`?B«>¨g·d¯�8�;>«>¨B©l­j¯¬;¬¯>?BAN8�«¬;M²|D��|8�=@©l¨�;¬=$I$³>¨�?¬I »B?�¨L²/;¬«>¨B©Z¿
­j¯�8:94®¬?

x
A4È 3 Ì{¯�8�¸�»N?j¾n;M¨B¸V²�®¬¯¬;��	�

(g) < 0
IX¹�·d«¬°>¼¬;¬×

I(g)
=@?LK�«>?q®¬?B«>;¬=~8g¨B´

�



A#AB;`¾n©.¯¬8g§l9<?LK4©l«¬;>² ÈÊ;¤¾�8gK4©�®¬¯¬?�¸l¨B?6¾n?B¸�¨:8g¨B?B³>«¬?¤µB?g9�´�ÁP?B­l?#?g¨B¯¬©�§T°d8�¯N²d¾�8BÌ
®¬?

g
Id§T8X¾�8�×sªP©j­l?�8�«�8:9<;M¨B;¬³¬©l¸j°>·d× ¹ ·d«¬°¬¼¬;¬×

I(g)
Id³>¨B?4«¬8�=Ò;�¨B¯¬©lµ�·B©�¨B¸V²6¾�9�²

®¬¯¬;¬=@©l«¬©j«¬;M²�¨B©l?B¯¬©l=@¶ÅÎ ?�ÁP;�A#È��NÌZD¬O�©l®¬©j¯¬´�¸ ·d³¬©l¨�?B= È 3 Ì�=@?XK.«¬?�«�8�®>;¬¸T8g¨�´

A(N) =
1

2πi

∮

dg

g

∞
∫

−∞

dx e−x2/2−gx4/4!−N ln g,

¸ ¾n©�9n8:¨B´¤¯�8g¸l¨L²>KP©j«¬;¬©.®¬©j¯>©j=@©j«>«¬¶�»
x =

√
Ny
I
g = u/N

;E?�µB¯�8g§j?BAN8�A�Á�;¬±¬¸V²
¾nA�·d°¬¯�8g¨�«¬¶$±¤;¬«M¨B©j­l¯�8:9

A(N) =
NN+1/2

2πi

∮

du

u

∞
∫

−∞

dy e−N(y2/2+uy4/4!+lnu) È��BÌ

?B¼¬©j«>;>¨B´.®¬¯¬;�µB?g9<´�Á�;M»
N
=@©�¨B?j¾n?B= ®>©j¯¬©lAN8:9n8>D

Ùq¯�8�AB«¬©l«¬;>²�¸l¨:8g¼¬;¬?B«�8g¯¬«¬?B¸�¨B;¤=@©�¨B?j¾�8.®>©j¯¬©lAN8:9n8�;¬=@©j×s¨�A�;d¾

y +
u

3!
y3 = 0,

u

4!
y4 = −1,

È��NÌ

?�¨B°>·T¾�8Ã«>©j¸�9�?XK.«¬?Ã®>?g9�·d³¬;>¨�´Ã¾<AB©#¨�?B³¬°¬; ¸�¨:8�¼¬;¬?B«¬8�¯¬«¬?B¸�¨B; {yc = −2
I
uc =

−3/2} ; {yc = 2
I
uc = −3/2} D Ø µB©P?�«¬;�¾�8�×(¨�?j¾n;>«�8�°`?BAB¶$±�AB°M9<8X¾EA6;¬¸j¸Z9<©�¿¾<·B©l=@¶$±E;¬«M¨B©j­l¯�8:9iI{®>?Bºl¨�?B=�·#¾n?B¸�¨:8g¨B?�³¬«¬?�¯�8�¸j¸l=@?�¨B¯>©l¨B´�¨B?:9<´B°`?�AB°M9n8X¾E?j¾n«>?B±

ÈÊ«�8�®>¯¬;¬=@©j¯ In®>©j¯¬AB?�±<Ì�¨B?B³¬°>;#¸�¨:8�¼¬;¬?B«¬8�¯¬«¬?B¸�¨B;|In·d=@«¬?LK�;¬A�¯¬©�§j·L9<´L¨:8g¨�«�8P¾<AN8>D
� ¾nA�;¬­ ®¬©j¯>©j=@©j«>«¬¶�»�;¬«>¨�©j­j¯>;¬¯¬?BAN8g«¬;>²

y = yc + δy
I
u = uc + δu

®¬¯¬;>AB?j¾n;>¨
È��BÌ�°�AB;d¾<·

A(N)=2
(−2)NNN+1/2

2πi (3e)N

∮

dδu

−3/2 + δu

∞
∫

−∞

dδy e−N [−(δy)2−4δyδu/3−2(δu)2/9+...] ,

È��NÌ
­ ¾n©�=@«¬?B­l?�¨B?�³¬;¬©j=Ò?Bµ�?�§T«�8L³¬©l«¬¶ ³M9<©l«¬¶ ¨B¯¬©�¨B´B©l­j?¬IM³¬©l¨�AB©j¯M¨B?B­l?�;�¨XD ¾iD>®¬?B¯N²`¾n°`?BA
®¬?�?�¨B°d9<?B«¬©l«¬;>²¬=

δy
I
δu
?�¨¤¨B?�³¬°¬;Ò¸l¨:8�¼>;¬?B«�8�¯>«¬?B¸l¨�;|D~Î ?B«>¨g·M¯Ò;¬«M¨B©j­l¯¬;¬¯¬?�AN8:¿

«¬;>²¤®>?�®¬©l¯¬©j=@©l«¬«¬?B±
δu
¨B©l®¬©j¯¬´6®>¯¬?T»N?j¾n;>¨6³>©j¯¬©�§4«�8L³�8:9<?.°`?B?B¯�¾n;¬«�8:¨XI ®¬¯¬;>³¬©j=

«�8�®¬¯�8gAg9<©j«�¨:8�= ®>¯¬?�¨B;>AB?B®¬?g9�?XK.«¬?�«�8�®>¯�8�Ag9<©l«¬;¬×Ñ=@«¬;¬=@?B±�?B¸l;|D
Ø ³¬©l¯¬©Z¾n«¬8g²Â§L8g=@©j«�8 ®>©j¯¬©l=@©j«¬«¬¶�»+� ¯�8�¸�¨L²>K4©l«¬;¬©

δy = δx/
√

N
I

δu =
δg/

√
N

� ®¬?�§jAB?g9�²>©l¨¡AB¶-¾n©Z9<;>¨B´EAËÈ��NÌ�«¬8�;¬µB?g9�©j©�¸l·`ªP©l¸l¨�AB©j«¬«>¶$± A�®¬¯¬©Z¾<©�9<©
N → ∞ AB°M9n8X¾

A(N) = 2
(−2)N+1

3(3e)N

NN−1/2

2πi

∫

dδg

∞
∫

−∞

dδx e(δx)2+4δxδg/3+2(δg)2/9(1 + O(1/N)).

�



½�¸j©-³M9<©j«>¶ I�?�¨�=@©j³¬©l«¬«¬¶$©$=@«¬?B­l?�¨B?�³¬;¬©j=�APÈ��NÌZIX°M8g°P;
δu
A(§j«�8�=@©j«¬8g¨B©Z9<© −3/2+

δu
I ¾�8g×(¨¡AB°M9n8L¾Ë9�;>ÁP´¡A

O(1/N)
¸Z9n8�­Z8�©l=@?B©�D � «>¨B©l­j¯�8X9 ®¬?

δg
A�©Z¾n©�¨B¸V²�¨B©�¿

®¬©j¯¬´¡®¬?�®¬¯N²¬=@?:9<;¬«¬©l±¬«¬?B=�·Ò°`?B«>¨g·d¯>·ÒA�°d?�=@®M9<©j°`¸l«¬?B± ®d9<?B¸j°`?B¸�¨B;
(i∞,−i∞)ÈÊA�¸j?B?g¨BAB©�¨B¸l¨�AB;¬;Ã¸l?�¸l¨:8�«d¾n8�¯>¨B«>¶$=Å®¬¯¬©j?�µB¯�8g§j?BAN8�«¬;>©j=Í°d?�«>¨�·d¯�8�A�=@©�¨B?j¾n©�®¬©Z¿

¯¬©jAN8X9n8NÌ  �®¬¯¬;�¯�8g§jAB?B¯¬?�¨�©�°`?B«>¨�·d¯�8Ò;¬«>¨�©j­l¯¬;¬¯¬?BAB8�«¬;>²
δg → iδg

®¬?L²>Ag9�²¬©�¨B¸V²
=@«¬?LK�;>¨�©�9<´

(−i)
I`¨:8g°�³>¨B?�¯¬©l§l·X9�´X¨:8:¨4?B°d8g§T¶$AB8�©l¨�¸V²6AB©lª�©j¸�¨BAB©l«¬«¬¶$=$D��M8L·�¸j¸l?BAB?

;¬«>¨B©l­j¯¬;>¯¬?BAN8�«>;¬©#®>?
δx
I
δg
®¬¯¬;¬AB?j¾n;M¨E°Ò=@«¬?LK.;>¨B©Z9<× √

(9π2)/2
I�;Ò?B°`?B«¬³�8X¿

¨B©�9�´B«¬¶$±¤?�¨�AB©l¨.;¬=@©l©l¨.AB;d¾

A(N) =
(−2)N

√
2

(3e)N
NN−1/2(1 + O(1/N)),

� ¨B?¬Ii¸4·d³¬©l¨�?B=Å¹�?B¯¬=�·L9<¶ � ¨�;¬¯M9<;>«¬­Z8>I�¸l?BAB®�8L¾�8�©l¨�¸.8�¸j;>=@®>¨B?�¨�;¬°`?B±
N → ∞¨B?B³¬«>?B­j?.?�¨BAB©�¨:8¤È�ÖBÌ�D

/�9�²#°¬AN8�«M¨B?BAB?:¿Ï®¬?g9�©jAB?B±#=@?j¾n©�9<;�È Ú Ì$=@©j¸l¨�?6®¬©j¯>©j=@©j«>«¬?B±
x
A�¯�8g¸j¸j=@?g¨B¯¬©l«M¿

«¬?B=À®>¯¬;¬=@©j¯>©s§T8�«¬;¬=~8�©�¨�®>?g9<©jAB8g²�®¬©j¯¬©l=@©j«¬«¬8g²
ϕ
IB¨:8�°.³M¨B?�·d¯�8gAB«¬©j«>;>²�¸l¨:8�¼¬;>?g¿

«�8�¯¬«¬?�¸l¨B;�?B®>¯¬©Z¾n©Z9�²¬×s¨ ¨B©l®¬©j¯¬´�¹ ·d«¬°¬¼¬;>×
ϕc

Ig¸l?B?�¨�AB©l¨�¸l¨BAg·M×sª�·d×�ºl°`¸l¨B¯>©j=�·d=�·
¹�·d«¬°>¼¬;¬?B«�8X9n8

S(g, ϕ)+N ln g
D�½_8�¯¬;¬8�¼¬;¬?B«>«¬¶$©s·d¯�8gAB«¬©j«>;>²�®¬¯¬;

τ = 0
;¬=@©j×s¨

AB;d¾ÒÈÊ¸j¯ D�¸�È��NÌ�Ì

−∆ϕ(x) +
g

3!
ϕ3(x) = 0,

g

4!

∫

dx ϕ4(x) = −1.

��»#¯¬©�ÁP©l«¬;¬©�¾�9�²#¨B©l?B¯¬;¬;�A.³¬©l¨�¶$¯¬©�»M=@©j¯>«¬?B=�®>¯¬?B¸l¨�¯�8�«¬¸�¨BAB©4µ�¶�9<?�«�8g±d¾n©j«>?�A
¯�8�µB?�¨�© � - �

ϕc(x) = ±
√

3

π

y

y2 + (x − x0)2
, gc = −16π2;

ÈyÓLÔNÌ
§�¾n©l¸j´

y
I
x0

��®¬¯¬?B;M§TAB?g9�´B«¬¶$©�°d?�«¬¸l¨:8�«M¨B¶ D�� ) D½Ã¯¬©�§j·L9<´L¨:8g¨�©(µB¶�9�?�·�¸l¨:8�«>?BAg9<©l«¬?¬IN³>¨�?�A µ�?g9<´�Á�;¬«¬¸l¨�AB©+°¬AN8�«M¨B?BAB?:¿Ï®¬?g9�©jAB¶�»
=@?T¾<©�9<©l±|I¬AP°`?�¨�?B¯¬¶�»�·T¾�8X9<?B¸j´4®>¯¬;¬=@©j«>;>¨B´�;¬«¬¸�¨:8�«>¨�?B«¬«¬¶$±#®¬?j¾�»N?j¾ I¬¯N²`¾n¶ ¨B©j?:¿
¯¬;¬;¤AB?g§T=�·`ªP©l«¬;¬± �Ä8�¸j;¬=@®M¨B?�¨�;¬³¬©j¸l°¬;¬©4¸�¹�8�°>¨B?�¯¬;�8:9<´�«¬¶$= ¯¬?B¸�¨B?B= °`?Bºl¹�¹�;d¿
¼¬;¬©j«M¨B?BA	�

A(N) ∼ (−1)NN ! aNN b0 ,
ÈyÓBÓXÌ

°M8g°#;�A�¯�8g§T?�µB¯�8�«¬«>?B= ®¬¯>;¬=@©j¯¬©gI<­ ¾n©
a = 2/3

I
b0 = −1

D
�
) ���
	���
�������������	���
���������
��������! ����"�#�����$�&%'�(����	�)*
���)+���������,
+��
+-������. ��+-"�����&/0�#��1

2 ��-���34����������56
+�7) 2 �� ��+-�����)+��-"8����9�: ������+-��;�#�<%#)*
�5����:56
+54=�	�-��������(	�=$>.��	�)+������
+���6?@����1
A ������3B=$�"
+����������3B	�)*
�C�������
+������	�)��EDGF;HI%KJ���
�	�	���
+�������L ��������#�������9��%NM���	O-"�������93P
���
Q-"���
��� A ������3(�R��
���-���M����&/TS�������M���	�5��6/T�#� 2 ��-�?6/UD VQHI%� �������-�����
R���9���*W 2 �����6?X����	�)*
���)+��������J��
��� A �����6?ZY[)+��%\M�)��]Y_^�`�aK	�� 2 ���$Wb��)R ������������+-�8����9��5\���"	�)Q
+��)��

y
%
x0
%�������
*M�
���)*%$M�)+�c�.�#� 2 ��1

-"�PY[V�a�	�=\>R��	�)+��=���)]C���-"���T	��;�#��3�	�)+���U����	�)Q
+��)+�������dD e;Hfa��d���9M���	O-��������TS�=\��5�C�������
+-�8����&/
2 ��)+�����#����
���)+���R ����X��
�	�M���)+��S�=\��5�C�������
Q-"8����&/RJ�
*=$	�	������&/<����)+��J���
Q-�����g�hi
 2 �� ���-�����)���-�8�1
����3����"S�������
�C�����3��#�j��)�	��&-'
+���:�;
+����)+�����;	�����
+������J��kM���)Q
+)+��-�?�5�������J����"
Q-�8������:��
+����)Q
��
Yl	��&g"������-�����J���
�S����m�b5�����J��bD V+H�a�g

�



� 01
���"�!#"$����
�
�" �-,��/������
���������" �������4
$����� �������
������
��

� §jAB©j¸�¨B«¬?>I{³>¨B?�³�8�¸�¨B«¬¶$©�¸l·d=@=@¶É8�¸j;¬=@®M¨B?�¨�;¬³¬©j¸l°¬;M»E¯N²d¾n?�A6®¬¯¬;¬µg9�;>K�8�×s¨B¸V²¡°
§T«�8L³¬©l«¬;¬×ÅAB¶$³¬;>¸�9�²>©j=@?B±�A�©�9<;¬³>;¬«¬¶ ¾n?�¨�©�»�®¬?B¯|Id®¬?B°d8�³d9<©j«¬¶�¯N²d¾n8�·dµB¶$AN8�×s¨XD
Ø ¾<«�8�°`?¬I�?Bµ�¸l·`K�¾n8g²À§T8X¾�8L³¬; ¸l¨:8:¨B;¬¸�¨B;¬³¬©l¸j°`?B± ¹�;>§j;¬°¬;|I�=@¶¢µ�·T¾n©l=Ð;>«>¨B©l¯¬©j¸l?g¿
AN8g¨B´�¸V²¤¸j;M¨�·N8g¼¬;¬©j± I °`?B­ ¾�8�®¬8�¯�8�=@©�¨B¯¤¯�8:§l9<?LK4©l«¬;>²#®¬?B¯N²d¾n°d8�©Z¾n;¬«>;¬¼¬¶ D|½-°>·d®¬©
¸q¹�8�°>¨�?B¯¬;�8:9�´B«¬¶$= ¯¬?B¸�¨B?B=À°d?�ºj¹�¹�;¬¼¬;¬©l«>¨B?BA4º�¨B?P®>¯¬;¬AB?j¾n;>¨�°.¨�?B=�·BId³>¨B?�·Mµ�¶�¿
AN8�«¬;¬©�³M9�©j«¬?BA�¯N²d¾�8P§T8�°d8�«¬³¬;¬AB8�©l¨�¸V²�«�8�³M9<©l«¬©�¸�?B³¬©j«>´�«>©jµB?g9�´�ÁP;¬=$I<8�;¬«¬?�­ ¾�8
;�®¬©j¯¬A�¶$=$I «¬?B=@©l¯¬?B=ÐÈ ¾¬9�²�;M9¬9�×q¸l¨�¯�8�¼¬;>;¡A�¨:8gµg9<;¬¼¬©4®>¯¬;¬AB©]¾n©j«¬¶Ñ°`?Bºj¹�¹�;¬¼¬;d¿
©j«>¨�¶

A(N) ¯�8g¸j¸j=~8:¨B¯¬;¬AB8�©j=@?B­l?�®¬¯>?B¸l¨�?B­j?�³¬;¬¸�9�?BAB?B­l?�®>¯¬;¬=@©j¯¬8�È 3 Ìi¾�9�²�¸�9¬·M³¬8g²
g = 1

D
� Ô Ó - Ú 3 Ö �

A(N) 2.51 −0.31 0.23 −0.31 0.64 −1.72 5.76
ΣN 2.51 2.19 2.42 2.11 2.75 1.03 6.79

�<¾n©j¸l´
ΣN =

∑N
i=0 A(i)gi I{¨B?B³>«¬¶$±Ã?�¨�AB©l¨�A�ºl¨�?B=Å¸�9¬·M³¬8�©�¸l?B¸l¨:8�A:9�²¬©�¨ I(1) =

2.304
 N=@¶ ?B­j¯�8g«¬;¬³¬;M9�;¬¸j´�Á�©j¸�¨B´B×Â³d9<©j«�8g=@;�¯�8g§�9<?LK4©j«>;>²|I`¨XD ° DM;¬=@©l«¬«¬?�¸l¨B?:9<´g¿

°d?�®¬?�¯`²`¾n°`?BA4¨B©l?B¯¬;¬;�AB?�§j=�·dª�©j«¬;>±#¸l?B¸j³¬;M¨:8�«¬?P¾�9�²�°M9n8g¸j¸j;>³¬©j¸l°d?�±#¨B©l?B¯¬;¬;
ϕ4 DØ ®>¯¬©Z¾n©Z9�²¬©l=~8g²Pº�¨B;¬=@;�³M9<©j«¬8�=@;�¨�?B³¬«¬?B¸�¨B´�A�¶$³¬;¬¸�9�©j«¬;>²�¹�;>§T;¬³>©j¸j°>;M»�AB©�9<;>³¬;¬«

?B°d8g§T¶$AN8g©l¨B¸V²�«¬©Z¾<?B¸l¨:8g¨�?B³¬«¬?�±|D
/�9�²�®¬?BAB¶_Á�©j«¬;M²�¨B?�³¬«¬?B¸�¨B;�®¬?g9�·d³�8g©j=@¶�»�¯¬©l§l·X9�´X¨:8:¨B?BA A(ºl¨B;d»P¸Z9�·d³�8g²M»�³�8:¿

¸l¨B?�®¬¯¬©Z¾¬9n8�­Z8�©�¨B¸V²�;¬¸l®¬?g9<´�§j?BAN8g¨�´�� �#" � � ��ÈÊ;d9<;�� �#" � � ���
	�� " � �dÌ � � " � � � �1�����
" � ��
 � � ��¯¬8�¸�»N?j¾<²MªP;M»B¸V²�¯N²d¾<?BA¬I�°`?�¨�?B¯¬?B©$A�?�§T=@?LK.«¬?�?B¸�·dª�©j¸�¨BAg9�²M¨B´ ¾�9�²4¯N²d¾<?BA
¸q¹�8�°>¨�?B¯¬;�8:9�´B«¬¶$=Ò¯¬?B¸�¨B?B= °`?Bºl¹�¹�;¬¼>;¬©j«>¨�?BA¬D�
-?B¯¬©�9�´�����©j¯¬?�±�®¬©j¯>©j¸l·d=@=@;¬¯>?g¿
AN8�«¬;¬©�§T8�°M9<×(³�8�©�¨B¸V²�A¤®¬¯¬©l?BµB¯�8:§T?BAN8g«¬;¬;Ò¹ ·M«>°¬¼¬;¬;|I�§L8X¾�8gAN8�©j=@?�±Ò8�¸j;¬=@®M¨B?�¨�;M¿
³¬©j¸l°¬;¬= ¯N²d¾<?B=$I�®¬¯¬;�®¬?B=@?�ª�;#¸l?B?�¨�«¬?�ÁP©l«¬;>²

∑

N

A(N)gN =
∑

N

Γ(N + b + 1)B(N)gN =
∑

N

∫

∞

0

dt tbB(N)(gt)Ne−t,
ÈyÓ�-BÌ

§�¾n©l¸j´
B(N) = A(N)/Γ(N + b + 1)

�)«¬?BA�¶$©�°`?Bºj¹�¹�;¬¼¬;>©j«>¨�¶ ¯�8g§�9<?LK4©j«>;>²|I
°d?g¨B?B¯¬¶$©�·`K4©�«¬©�¸j?j¾n©l¯NK�8g¨Ë¹�8g°>¨B?B¯>;�8:9<´B«>?B­j?�¯¬?B¸�¨:8	 $®¬¯¬;Í®¬?g9�·d³¬©l«¬;¬;ÍA�¨B?:¿
¯¬?B­j?�¯�8gAB©j«¬¸�¨BAN8 ;¬¸l®¬?g9<´g§T?BAN8g«¬? ;¬«>¨�©j­j¯¬8:9<´B«¬?�©Ë®¬¯>©Z¾n¸�¨:8�Ag9<©l«¬;¬©Ã¾�9�² ­Z8�=@=~8:¿
¹�·d«¬°>¼¬;¬;|D � ?BµB¸�¨BAB©l«¬«¬?¬I<®¬¯¬©l?BµB¯�8:§T?BAN8g«¬;¬©�
�?B¯¬©Z9�²�²¬Ag9¬²¬©l¨�¸V²�³¬8�¸l¨�«¬¶$= ¸�9�·d³�8X¿
©j= È Ó�-BÌ�I�©j¸�9�; ®¬?g9�?XK.;>¨�´

b = 0
 �AB?g§T=@?LK�«>?�¨:8g°>K4©�®¬¯¬©j?�µB¯�8g§j?BAN8�«¬;>©�I@°`?B­ ¾�8

AB=@©j¸�¨B?
Γ(N + b + 1)

;¬¸l®¬?g9<´�§l·B©�¨B¸V²
Γ(Nβ + b + 1)

I<³>¨B?6®¬¯>;¬AB?j¾n;>¨6°�¯�8g§l9�?g¿
K4©j«¬;>×Ñ®>?.®�8g¯�8�=@©l¨�¯>·

gtβ
AB=@©l¸l¨B?

gt
� � � D

( ?B¸Z9<©Z¾<·d×sª48g²�?B®¬©j¯¬8�¼¬;>²/«¬©�²¬Ag9�²>©l¨�¸V²Â°`?B¯¬¯¬©l°>¨B«>?B±Â¸¡=~8g¨B©l=~8g¨B;¬³>©j¸j°`?B±
¨B?B³¬°>;�§j¯¬©j«¬;M²|IN«¬?�;¬=@©l«¬«¬?�?B«�8 ;�®¬?�§jAB?g9�²>©l¨�®¬©l¯¬©j±>¨�;�?�¨�¯¬8�¸�»N?j¾<²MªP©j­l?B¸V²�¯N²`¾�8

�



°¤¸�»N?j¾<²MªP©j=�·�¸V²|D ( ?B=@©j«M²¬©j= A¤ÈyÓ�-�Ìs=@©j¸�¨:8�=@;�;¬«>¨�©j­l¯¬;¬¯¬?BAB8�«¬;¬©4;¤¸�·d=@=@;¬¯¬?BAN8X¿
«¬;¬© �
∫

∞

0

dt
∑

N

tbB(N)(gt)Ne−t =

∫

∞

0

dt tbe−tĨ(gt), Ĩ(gt) ≡
∑

N

B(N)(gt)N ÈyÓ Ú Ì

ÈÊAq°d8L³¬©l¸l¨BA�©$?B®¬¯�8�AX¾�8�«¬;>²�ºl¨�?B=�· ¾n©j±¬¸�¨BAB;>× §L8�=@©�¨B;¬=$Ig³>¨B?q®¬¯¬;�®>?g9�·d³¬©j«>;¬;4¯�8g§�¿
9<?LK4©j«¬;M²#¹ ·d«¬°¬¼>;¬; È 3 Ì�¸�°d?�ºj¹�¹�;¬¼¬;¬©l«>¨:8�=@; È�ÖBÌ�=@¶/¨:8g°>K4©�«¬©j°`?B¯¬¯>©j°>¨�«¬?�=@©Z¿
«>²M9<;#=@©j¸�¨:8�=@;�;¬«M¨B©j­l¯¬;¬¯¬?�AN8�«¬;¬©�;#¸�·M=@=@;>¯¬?BAN8�«>;¬©LÌZD�½ÐÈyÓ Ú Ì�?BµB¯�8:§T?BAN8X9<¸V²�¯`²`¾
Ĩ
I�°`?Bºl¹�¹�;>¼¬;¬©j«M¨B¶Å°`?�¨B?�¯¬?B­j?�;¬=@©l×(¨ ��½,(

B(N) −→
N→∞

CaNN b0−b(1 + O(1/N)).

� ¯�8�AB«¬;>AN8g²#©j­j?.¸�¯¬8g§l9<?LK4©l«¬;¬©l= ¹ ·M«>°¬¼¬;¬;
fα

È ÓBI -�Ì$®>¯¬;
α = b0 − b + 1

I
g0 =

−1/a
IN=@?LK�«¬?�§T8�°M9<×(³¬;>¨�´¬IN³>¨B?�¯�8g§�9<?LK4©j«>;¬©+¹�·d«¬°>¼¬;¬;

Ĩ(gt)
;¬=@©j©�¨�°d?�«¬©j³¬«>¶$±

¯�8X¾n;>·�¸¤¸�»N?j¾n;>=@?B¸l¨�;
1/a

I@;|I AB?B?BµgªP©�­j?BA�?B¯N²|I~AB?�§j=@?XK.«¬?E©j­j?À8�«�8:9�;>¨B;¬³>©j¸j°>;
®¬¯¬?j¾n?g9�K.;>¨�´�§L8�­j¯�8�«>;¬¼>·�ºl¨�?B­j?P°>¯>·d­Z8>D /�9�².¯�8�¸l¸j=@?�¨�¯¬©j«¬«>?B­j?4A�®¬¯¬©]¾n¶-¾<·`ªP©l=
¯�8g§�¾<©�9<©�®¬¯¬;>=@©j¯�8¤?Bµ�«�8�¯>·`K4©l«¬«�8g² ?�¸j?BµB©l«¬«¬?B¸�¨B´�¹ ·d«¬°¬¼¬;¬;

Ĩ
9<©lK.;>¨�A¤¨�?B³¬°`©

−1/a = −3/2
I�¨XD ©�D «�8:»N?j¾n;M¨B¸V²E«�8�?�¨B¯>;¬¼�8g¨�©�9<´B«>?B±�®¬?g9�·�?B¸j;|I{A.¨B?�AB¯¬©l=�²�°d8�°

;¬«>¨B©l­j¯¬;>¯¬?BAN8�«>;¬©�A�ÈyÓ Ú Ì�A�©Z¾n©�¨B¸V²�®>?�®¬?:9<?LK�;>¨�©�9<´�«¬?B±�A�©lªP©l¸l¨�AB©j«¬«>?B±6®¬?g9�·�?B¸j; D
½�¶$µB?B¯�®�8�¯�8g=@©l¨B¯¬8

b
®¬?�§TA�?g9�²¬©�¨¡;>§T=@©l«>²>¨�´¡¨�;¬®Ë¸l;¬«¬­�·X9¬²¬¯¬«¬?�¸l¨B; ;�¸l°`?B¯¬?B¸�¨B´

¸�»N?j¾n;¬=@?B¸�¨B;�¯N²d¾n8>D
/�9�²�¯�8�¸l¸j=~8g¨�¯¬;¬AN8g©j=@?B­l?�«�8�=@;#=@?j¾n©�9<´�«¬?B­j?�®¬¯¬;>=@©j¯�8�È 3 Ì_®¬¯¬;

b = 0
ÈÊ®¬¯¬©Z¿

?BµB¯�8g§j?BAN8�«>;¬©�
�?B¯¬©Z9�²<Ì�°`?Bºl¹�¹�;¬¼>;¬©j«>¨�¶
B(N) ;¬=@©l×(¨.AB;d¾

B(N) = (−1)N

√
2π(4N − 1)!

(4!)N(N !)2 22N−1(2N − 1)!
,

ÈyÓ 3 Ì

¸j?B?�¨�AB©l¨�¸l¨�A�·d×(ªP;>±Ñ¯N²`¾�¾�9�²Í¹ ·d«¬°¬¼¬;>;
Ĩ(gt)

=@?LK4©�¨ µ�¶_¨B´�®¬¯¬?B¸�·M=@=@;>¯¬?BAN8�«
¨B?B³¬«>?

Ĩ(gt) =
∑

N

B(N)(gt)N =
√

2π

(

1− 1

8
gtF ([1, 5/4, 7/4], [2, 2],−2/3gt)

)

,
ÈyÓXÖBÌ

­ ¾n©
F ([i, k, l], [m, n], x)

� ?BµB?Bµ�ª�©j«¬«¬8g²¡­j;¬®¬©l¯¬­j©l?B=@©l¨�¯¬;¬³¬©l¸j°d8g²Ò¹ ·d«¬°¬¼¬;M² � 3 � D
Ø «¬8�;>=@©j©l¨�©Z¾<;¬«¬¸l¨�AB©j«>«>·d×Â¸j;¬«>­l·L9�²¬¯>«¬?B¸l¨�´¬IN·`K4©+?BµB«�8�¯M·dKP©j«¬«>·d×�«�8�=@;�A ¨B?B³d¿
°d© −3/2

IN;�9<©l­j°`?�®¬¯>?T¾<?g9�K�8�©�¨B¸V²�8�«�8:9�;>¨B;¬³>©j¸j°>;6«�8�°`?B=@®d9<©j°`¸j«M·M×�®M9<?B¸l°d?�¸l¨B´
¸(AB¶$°`?g9�?�¨B?B±.¨B?B³¬°`?B±�;M9<;�¯¬8g§T¯¬©�§T?B=$D�� ;¬¸�9�©j«¬«¬?�©q;¬«>¨�©j­l¯¬;¬¯¬?BAB8�«¬;¬©�®>?B°d8g§T¶$AN8X¿
©l¨XI<³>¨B?�¯�8�A�©j«¬¸�¨BAB?

I =

∫

dx e−x2/2−gx4/4! =

∫

dt
√

2π(1 − 1

8
gtF ([1, 5/4, 7/4], [2, 2],−2/3gt)

AB¶$®¬?g9<«M²¬©l¨�¸V²6¸$9<×qµB?�±.§L8L¾�8�«¬«¬?�±�°`?B=@®¬´B×s¨B©l¯¬«¬?B±�¨�?B³¬«¬?B¸�¨B´B×�®¬¯¬;�9�×qµB¶�».®¬?g¿
9<?LK�;>¨�©�9<´�«¬¶�»�§T«�8L³¬©l«¬;>²M»

g
D

ÓTÔ
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7�©4;>=@©l²¡8�«�8X9<;>¨B;>³¬©j¸l°d?�­j?�®>¯¬?j¾n?g9�K4©l«¬;>²¡¹ ·d«¬°¬¼¬;¬;
Ĩ
«�86AB©lª�©j¸l¨�AB©j«>«>·d×Ç®¬?g¿

9<?LK�;>¨�©�9<´�«>·d× ®¬?:9�·B?B¸l´¬I�=@¶ «¬©6=@?LK4©j=Ñ®¬¯¬?�AB?j¾n;>¨B´�;¬«M¨B©j­l¯¬;¬¯¬?�AN8�«¬;¬©�®¬?
t
A

ÈyÓ Ú ÌZI ¨XD °|D�A�®¬¯¬?B¼¬©l¸j¸l©6;¬«>¨B©l­j¯¬;>¯¬?BAN8�«>;>²�®¬?¤®¬¯¬?�=@©lK�·d¨�°>·
t ∈ (0,∞)

°`?B«>¨g·d¯
;¬«>¨B©l­j¯¬;>¯¬?BAN8�«>;>²�®¬©j¯¬©l¸j©l°M8g©l¨E­j¯�8�«>;¬¼>·Ã°>¯>·d­Z8�¸�»B?j¾n;¬=@?B¸�¨B;�È�¦@;¬¸�D�ÓXÌ�A¤¨�?B³¬°`©
È
1/a, 0

Ì�D �|8�=@©�¨B;¬=$I~³>¨�?Ã¯�8X¾<;>·B¸#¸�»N?j¾n;¬=@?B¸�¨B;�¯N²d¾�8¤¾�9�²
Ĩ(gt)

?�®¬¯¬©Z¾<©�9�²>©l¨B¸V²
®¬?g9<?LK4©l«¬;¬©j=Çµg9<;>K�8g±>ÁP©l±�°Í«>·L9<× ?�¸j?BµB©l«¬«¬?B¸�¨B;|I+¯�8g¸j®¬?g9�?XKP©j«¬«¬?�±|I+°M8g°�=@¶
AB;d¾n©Z9<;�;>§�8�«¬8:9<;>§T8��q½,(4I�«�84?�¨B¯>;¬¼�8g¨�©�9<´B«>?B±�³�8g¸l¨B;#AB©lª�©j¸�¨BAB©l«¬«¬?B±¤®>?g9�·B?�¸j;
ÈÊA�¨B?B³¬°`©�È −1/a, 0

Ì�ÌZD

¦@;¬¸�D{Ó
¦@;¬¸�D -

�P?B¯¬=�·L9n8�È ÓXÖBÌ�Il¹�8�°>¨B;>³¬©j¸l°¬;�®>¯¬©Z¾n¸�¨:8�Ag9�²>×(ªP8g²�¸l?BµB?B±�8�«¬8:9<;>¨�;¬³¬©j¸l°`?B©-®>¯¬?g¿
¾n?g9�K4©l«¬;¬©Ã§T8 ­j¯�8g«¬;¬¼>·�°¬¯>·d­Z8 ¸�»N?j¾n;¬=@?�¸l¨B;Ð¹ ·M«>°¬¼¬;¬;

Ĩ(gt)
IsµB¶�9n8 ®¬?g9¬·M³>©�¿

«�8¡¸�·d³¬©�¨B?B=É?Bµ�ªP©l­j?¡AB;d¾�8�°`?Bºl¹�¹�;¬¼>;¬©j«>¨:8
B(N) ÈyÓ 3 Ì�D Ø ¾<«�8�°`?¬I@?BµB¶$³>«¬?�?B««�8�=Â«¬©l;>§TA�©j¸l¨�©j«|I�®¬?Bº�¨B?B=�·�®¬¯>?Bµg9<©l=~8�8�«�8X9<;>¨B;>³¬©j¸l°d?�­j?¤®¬¯>?T¾<?g9�K4©l«¬;>²E¹�·d«¬°d¿

¼¬;¬;
Ĩ(gt)

«¬©+¯¬©�Á48�©�¨B¸V²�¸�¨B?g9�´�®¬¯¬?�¸l¨B?>D �|8g=@©l¨B;>=$IN³>¨B?�¾�9�²�°`?B«¬©l³¬«¬?B­l?�?�¨�¯¬©l§j°M8
¯`²`¾�8 ∑K

N=0 A(N)gN ®¬¯¬©l?BµB¯�8g§j?BAN8�«>;¬©�°¤A�;d¾<·ÀÈyÓ Ú Ì$²>Ag9�²¬©�¨B¸V²�=~8:¨B©j=~8:¨B;¬³¬©l¸j°¬;
°d?�¯¬¯¬©j°M¨B«¬¶$=$I�®¬?�³M9<©j«>«¬?B© ;¬«>¨�©j­l¯¬;¬¯¬?BAB8�«¬;¬© ®¬?

t
®>¯¬?B¸l¨�?4AB?B¸l¸l¨:8�«�8gAg9<;¬AN8g©l¨�;¬¸Z¿

°d?�=�·M× ³�8�¸l¨�«>·d× ¸l·d=@=�·�I�®¬?Bº�¨B?B=�·�µB©�§_®¬?j¾�»B?T¾�²>ªP©l­j?�8�«�8X9<;>¨B;>³¬©j¸l°d?�­j?�®¬¯¬?j¾n?g9>¿
K4©j«¬;M²#®>©j¯¬©l¸l·d=@=@;¬¯¬?BAB8�«¬;¬©�8�¸j;¬=@®M¨B?�¨�;¬³¬©j¸l°`?B­j?�¯N²`¾�8�«>©jAB?�§j=@?LK�«¬?>D
Ø ¾n;¬«�;>§�=@©�¨B?j¾n?BA�®¬¯>©j?j¾n?g9<©�¨B´#ºl¨�·¤®¬¯¬?Bµg9�©j=�·���;¬¸l®¬?g9<´�§j?BAN8g¨�´#?g¨B?BµB¯¬8gK4©�¿

«¬;¬©�°d?�=@®M9<©j°`¸l«¬?B±�®d9<?B¸j°`?B¸�¨B;|D�¦�8g¸j¸j=@?g¨B¯¬;¬=$I<«�8g®¬¯¬;¬=@©l¯|I<?�¨B?Bµ�¯�8gK4©l«¬;¬©

u(gt) =
(1 + agt)1/2 − 1

(1 + agt)1/2 + 1
⇔ gt(u) =

4u

a(u − 1)2
,

ÈyÓ �NÌ

Ó�Ó



«�8�®¬?B=@«>;¬=$I|³>¨�?
a > 0

D{Î ?B«>¨�·d¯¡;¬«>¨�©j­j¯>;¬¯¬?BAN8g«¬;>²%�4AB©lª�©j¸l¨�AB©j«>«�8g²Ã®>?g9�·B?�¸j´��
?�¨B?Bµ�¯�8gK�8�©�¨B¸V²E®¬¯¬;¡ºl¨�?B=Â«�8�?�¨B¯>©l§T?�°

[0, 1)
 |­j¯¬8�«¬;¬¼�8�°¬¯>·d­Z8�¸�»B?j¾n;¬=@?B¸�¨B;Ã®¬©Z¿

¯¬©j±d¾<©l¨�A�°¬¯>;¬A�·d×�I<;>§j?BµB¯�8gKP©j«¬«>·d× «�8�¦@;¬¸�D -4¸j®M9�?�ÁP«¬?�±�9<;>«¬;¬©j± D � ;>«¬­l·L9�²>¯M¿
«¬?B¸l¨�´�È −1/a, 0

Ì ?�°M8:K4©l¨�¸V²�®¬?B¸�9�©q¨:8�°`?B­j?4®>¯¬©j?Bµ�¯�8g§T?�AN8�«¬;>²�A�¨B?�³¬°`© ¸�°`?B?B¯�¾n;M¿
«�8g¨:8�=@;

(−1, 0)
I�µB©j¸l°`?B«¬©j³>«�8g²�¨�?B³¬°d8 ��A�¨B?B³>°d©

(1, 0)
I>¨:8�°¤³>¨�?�A.«¬?BAB¶�»�®¬©l¯¬©�¿

=@©j«¬«¬¶�»�¹ ·d«¬°¬¼>;>²
Ĩ(u)

;¬=@©j©�¨�?�¸j?BµB©l«¬«¬?B¸�¨B;#A�¨�?B³¬°d8:»�¸�°`?B?B¯�¾n;>«�8g¨:8�=@;
(1, 0);

(−1, 0)
D`¦�8X¾n;M·B¸q¸�»B?j¾n;¬=@?B¸�¨B;�¨B©l®¬©j¯>´�¯�8�A�©j«�©Z¾n;¬«>;¬¼¬©q; � ����� � " � ��� ��� " � "!� �

��
 � � $ ��� � � � � � � � " � � " � � 
 �# � & ��� � � � ��È ;>§T?�µB¯�8gK4©l«¬«¬?B­l?�«�8 ¦@;¬¸gD�-(®>·d«¬°d¿
¨B;¬¯¬«>?B±�9�;¬«¬;¬©l±<Ì�D`C#8:9<¶$=

gt
A ¯¬8�¸j¸l=@?�¨B¯¬©l«¬«¬?B=E?�¨B?�µB¯�8gK4©l«¬;¬;4¸l?B?�¨BA�©l¨B¸�¨BA�·d×s¨

=~8:9<¶$©
u
I:®¬?Bºl¨�?B=�·�=@¶ =@?XKP©j=�®¬©l¯¬©j¯�8:§l9<?LK.;>¨B´�¯N²d¾P¾¬9�²

Ĩ
È ¾¬9�²P°`?�¨�?B¯¬?B­l? «�8�=

?BµB¶$³¬«¬?�;>§TA�©j¸l¨�«¬¶ 9<;>Á�´
K
³M9<©l«¬?BA�¯�8g§l9�?XKP©j«¬;>².®¬?�¨B©j?�¯¬;¬;�AB?g§T=�·`ªP©l«¬;¬±<Ì~®¬?

®¬©j¯¬©l=@©j«¬«>?B±
u

Ĩ =
K
∑

N=0

B(N)[gt(u)]N =
K
∑

N=0

U (N)uN(gt) + O(uK+1),

«�8:»N?j¾<²#°`?Bºj¹�¹�;¬¼¬;>©j«>¨�¶
U (N)

U (0) = B(0), U (1) =
4

a
B(1), U (2) = 8

B(1)

a
+ 16

B(2)

a2
, . . .

�|8�=@©l¨�;¬=$I�³>¨�?¡°>¯¬?B=@©�¨�?B³¬°¬;Ò¸j;>«¬­l·L9�²>¯¬«¬?B¸�¨B;�È −1/a, 0
Ì�I�?B®¬¯¬©]¾n©�9�²>×(ª�©j±�¯�8:¿

¾n;>·B¸�¸�»N?j¾n;¬=@?B¸�¨B;�AÀ;>¸�»N?j¾n«¬¶�» ®¬©j¯¬©l=@©j«¬«>¶�» I�¹�·d«¬°>¼¬;>²
Ĩ(gt)

=@?XKP©l¨Ã;>=@©l¨B´
¾n¯>·d­j;¬©(?B¸j?�µB©j«¬«>?B¸l¨�;|IM; INAB?B?Bµ�ª�©+­j?BAB?�¯`² IN=@¶ «¬©+­Z8�¯�8g«>¨B;¬¯>?BAN8�«¬¶ ?g¨�¨�?B­j?¬I`³>¨�?
®¬¯¬;�?�¨B?�µB¯�8gK4©l«¬;¬;�È Ó �NÌ °d8�°d8g²d¿Ï«¬;>µ�·T¾n´�;>§$«>;M»4«¬©�®¬?B®�8X¾<©l¨�A�©]¾n;¬«¬;¬³>«¬¶$±.°>¯>·d­]D
(�?�ºl¨B?�=�· A¡?Bµ�ª�©j=%¸�9¬·M³¬8�©¤=@?LK�«>?¡¨�?g9<´B°`?ÃAB©l¯¬;>¨�´¬I-³M¨B?ÃAE«¬?BAB¶�»Ë®¬©l¯¬©j=@©l«M¿
«¬¶�»Ë¸j;¬«¬­�·L9�²¬¯¬«>?B¸l¨�´ÃA¡¨�?B³¬°`©

(−1, 0)
®>?g¿Ï®¬¯>©lK.«¬©j=�·Ò?B¸�¨:8�«¬©�¨B¸V² µ:9<;>K�8�±MÁP©j±

°/«�8L³�8X9�· °`?B?B¯�¾n;¬«¬8g¨XI+;/¯N²d¾ ∑
N U (N)uN ?�°M8:K4©l¨�¸V²�¸�»B?T¾�²>ªP;>=@¸V²|D(½�?B®¬¯¬?�¸

?Bµ�·�¸l¨�?B±¬³¬;¬A�?B¸l¨�;�®¬?g9�·d³¬©l«¬«¬¶�»#³¬;¬¸Z9<©j«¬«>¶�»¤¯¬©�§j·L9<´L¨:8g¨�?BA�?�¨�«¬?B¸j;M¨B©�9�´B«¬?�AB;`¾�8
;¬¸j®¬?:9<´�§j·�©j=@?B­l?Ë®>¯¬©j?Bµ�¯�8g§T?�AN8�«¬;>² °d?�=@®M9<©j°`¸l«¬?B±�®d9<?B¸j°`?B¸�¨B;�¨:8�°>K4©�?�¸l¨:8�©�¨B¸V²
?�¨B°¬¯>¶_¨B¶$=$D
½¢¯¬©l§l·L9<´L¨:8g¨B©gI-§T«¬8g²

K
®¬©l¯¬AB¶�»Ë³M9<©l«¬?BA�¨B©j?�¯¬;¬; AB?g§T=�·`ªP©l«¬;¬± ;Ò¨B?¬I~³>¨�?

°d?�ºj¹�¹�;¬¼¬;¬©l«>¨B¶Â¯N²`¾�84¹�8g°>¨B?B¯>;�8:9<´B«>?�¯¬8�¸l¨g·d¨XI<=@?LK.«¬?4«�8�®¬;>¸T8g¨�´ � � " � � � �1�����
" � ��
 ���!� �+AB¶$¯�8gKP©j«¬;¬©

IK =

∫

∞

0

dt tbe−t

K
∑

N

U (N)uN(gt)
ÈyÓ ��Ì

;#;¬¸l®¬?g9<´g§T?BAN8:¨B´�©j­j?P¾�9�²�AB¶$³>;¬¸�9<©l«¬;>²#AB©�9�;¬³¬;¬«¬¶
I(g)

D
( ?+¸l·`¨B; Ig®�8g¯�8�=@©l¨�¯

b
A�ÈyÓ �BÌ�²¬Ag9¬²¬©l¨�¸V²�®>?T¾<­j?B«¬?�³¬«¬¶$=$IX;¬=@©j×s¨B¸V²�«¬©j°`?�¨�?B¯¬¶$©

¸j?B?Bµ�¯�8gK4©l«¬;>²�È ¸j=$D2� � � Ì�I|®>?�§TAB?:9�²¬×sªP;¬©P·`¨BA�©j¯NK�¾n8g¨B´¬I ³>¨B?�¸�9�©Z¾<·�©l¨#;¬¸j®¬?:9<´�§T?:¿
AN8g¨B´

b ≥ b0 + 1
D 7 ;>K4©�®>¯¬;¬AB©]¾n©j«¬¶ ¯¬©�§j·L9<´L¨:8g¨B¶ ¯�8�¸l³¬©l¨�?BA¬I�®¬?B°d8g§T¶$AB8�×(ª�;M»

Ó -



¸�»N?j¾n;¬=@?B¸�¨B´Ë®¬©j¯¬A�¶�» °`?Bºj¹�¹�;¬¼¬;>©j«>¨�?BAËA�¶$¯�8gK4©l«¬;>²ÑÈ Ó �BÌ�° ¨�?B³¬«¬?�=�· ?�¨�AB©l¨g·
¾�9�²�=@?j¾n©�9<´�«¬?B­j?�®¬¯¬;>=@©j¯�8�È 3 Ì�®¬¯>;

g = 0.1
I
g = 1

I
g = 10

È���� ÔNÌ �

I(g)|g=0.1 = 2.4773� Ô Ó - Ú 3 Ö �

IK
-MDGÖ�Ô � � -MD 3 � �
- -MD 3 � � Ú -MD 3 � � Ú -MD 3 � � Ú -MD 3 � � Ú -dD 3 � � Ú

I(g)|g=1 = 2.3034� Ô Ó - Ú 3 Ö �

IK

-MDGÖ�Ô � � -MD - � � � -MD Ú ÔNÖ Ú -MD Ú Ô ÚBÚ -MD Ú Ô Ú 3 -MD Ú Ô Ú 3 -dD Ú Ô Ú 3

I(g)|g=10 = 1.7990� Ô Ó - Ú 3 Ö �

IK

-MDGÖ�Ô � � ÓBD � � ��- ÓBD � 3 Ó � ÓBD � � �BÔ ÓBD ��Ô ��- ÓBD � � �NÖ Ó�D �BÔ�Ô �
Î�8�°�=@¶ AB;d¾n;¬=$I:«�8�µ:9<×-¾�8�©�¨B¸V²�»B?B¯¬?�ÁP8g²P¸�»B?T¾<;¬=@?B¸l¨�´�®¬?g9�·d³¬©l«¬«¬¶�»4¯>©l§j·L9<´:¿

¨:8g¨B?BA>D

� � ��
6!#2 3�"$����"

C#¶ ¯�8�¸l¸j=@?�¨�¯¬©�9<;6®>¯¬?B¸l¨�?B±�®>¯¬;¬=@©j¯ IMA�°d?g¨B?B¯¬?�= 8�¸j;>=@®>¨B?�¨�;¬³¬©l¸j°¬;¬© ¯N²`¾n¶Ë¾n©j±d¿
¸l¨BA�;>¨B©Z9<´B«¬?�=@?LK�«>?#®¬©l¯¬©j¸�·d=@=@;¬¯¬?BAN8:¨B´�®¬? 
-?B¯¬©�9�×�D�ÎH¸j?LK�8:9<©l«¬;¬×�Ii¾�9�²E¯¬©Z¿
8:9<´B«¬¶�»Ã¹�;>§T;¬³>©j¸j°>;M»Ò=@?j¾n©�9�©j±/ÈÊ«�8g®¬¯¬;¬=@©l¯|I+È Ú Ì�Ì�A�?B®¬¯¬?B¸�?¤®¬¯¬;¬=@©l«¬;¬=@?B¸�¨B;�;
¨B?B³¬«>?B¸l¨�;¤?B®¬;¬¸j8�«¬«¬?�±#®¬¯>?B¼¬©Z¾�·M¯>¶Å?B¸l¨:8�©�¨B¸V²�?�¨B°¬¯>¶_¨B¶$=$In«¬©j¸l=@?�¨B¯N²#«�8�=@«>?B­j?g¿
³¬;¬¸�9�©j«¬«¬¶$©6¯¬8�µB?�¨�¶ I�A�°`?�¨�?B¯¬¶�»Ãºl¨B;À=@©l¨B?j¾n¶ ®¬¯¬;>AB©�9<;À°Ã¯¬©l§l·L9<´L¨:8g¨:8�=É¸.AB©�¿
9<;¬°`?g9<©l®¬«¬¶$=�¸j?BAB®¬8X¾n©j«>;¬©j=Ò¸qºl°`¸j®¬©l¯¬;¬=@©j«M¨B?B=ÂÈÊ«�8�®>¯¬;¬=@©j¯ I0� �MI �MI �dI�ÓLÔ � ÌZD ( ¯¬?g¿
µg9<©j=~8MI>°d8�°�=@¶ AB;`¾n©�9<; I>AP³�8g¸l¨B«>?B¸l¨�;�§T8�°M9<×(³�8�©�¨B¸V²�A�¾n?�°M8:§L8g¨�©�9<´B¸�¨BAB©�¸�»B?T¾<;M¿
=@?B¸l¨�;�¯N²d¾�8�¯�8g§�9<?LK4©j«>;>²ÀÈyÓ �BÌ�;d9<;|IM¾n¯>·d­l;¬=@;�¸Z9<?BAN8�=@; I�A�«>©Z¾n?B¸�¨:8g¨B°`©P«¬8gÁP;M»
§T«�8�«>;¬±À?�®¬¯¬?�³¬;M»ËÈ §L86;¬¸j°d9<×q³¬©l«¬;¬©l=ÅAB©Z¾<·`ª�©j±�¾¬9�²�;¬¸�»N?j¾n«>?B­j?¤¯¬8g§l9<?LK4©l«¬;>²�Ì
¸j;¬«¬­�·L9�²¬¯¬«>?B¸l¨L²d»�;>¸j¸�9�©Z¾<·�©j=@¶�».¹ ·M«>°¬¼¬;¬±|Di�M8�¯�8�«M¨B;¬¯¬?�AN8�«¬«�8:²4¨B?B³¬«>?B¸l¨�´�®¬?:9�·N¿
³¬©j«¬«>¶�»ÃA#¯¬©l§l·X9�´X¨:8:¨B©6¸l·d=@=@;¬¯>?BAN8�«¬;M²Ã;¬=@©l×(ªP;d»N¸V²�ÖX¿ ��³d9<©j«¬?�A¤¯�8g§�9<?LK4©j«¬;M²
®¬¯¬;Ã«�8X9<;¬³¬;¬;E®¬?j¾n­j?�«¬?B³¬«¬¶�»À®�8�¯¬8�=@©l¨�¯¬?BA�¸�»B©j=@¶¢®¬©l¯¬©j¸�·M=@=@;>¯¬?BAN8�«>;>²À¨:8�°MK4©
®¬¯¬©Z¾<¸l¨:8�Ag9¬²¬©l¨�¸V²�?g¨B°¬¯¬¶_¨�¶$=HAB?B®>¯¬?B¸j?�=$D)( ¯¬©]¾�9<?LK4©j«>«¬¶$±�A ?B¸j«¬?�AB?B®¬?g9<8�­Z8�×s¿
ªP©j±6¯¬8�µB?�¨�© � � � =@©l¨B?j¾#?B®>¯¬©Z¾n©Z9<©j«>;>²�¨B?�³¬«¬?B¸�¨B;6®¬?P¯¬8g§TµB¯>?B¸l·�¯¬©�§j·L9<´L¨:8g¨B?�A�®>¯¬;
¯�8g§T«>¶�»�§T«�8L³¬©l«¬;>²M»#º�¨B;M»�®�8g¯�8�=@©l¨�¯¬?BA�«¬©�®¬¯¬;¬=@©l«>²¬©�¨B¸V²�«�8�®>¯�8�°>¨�;¬°`©�D
C#¶ ?B­j¯¬8�«¬;¬³¬;d9<;¬¸j´Í¯�8�¸l¸j=@?�¨�¯¬©j«>;¬©j= ?j¾n«>?B­j?Í©Z¾n;>«¬¸l¨�AB©j«¬«>?B­j?/®¬?j¾�»N?j¾�8�°

®¬¯¬?Bµg9�©j=@©�®>?g9�·d³¬©j«>;>²�¯¬©�§j·L9<´L¨:8g¨B?�A�;M§�¯�8g¸�»N?j¾<²>ª�;M»N¸V²¡¯N²d¾<?BA¬In8.;¬=@©l«¬«¬?�°`?B«d¿
¹�?�¯¬=@«¬¶$=�®¬¯¬©l?BµB¯�8:§T?BAN8g«¬;¬©j= 
-?B¯¬©�9�´g¿Ï®M9�?B¸j°`?B¸�¨B;|DN½¡«�8�¸�¨B?L²>ª�©j©$AB¯¬©l=�²�¯¬8g§TAB;d¿
¨B¶Ã;q¾n¯>·d­l;¬©-=@©�¨B?j¾n¶Ã®>©j¯¬©l¸l·d=@=@;¬¯¬?BAB8�«¬;>² IX¨:8g°¬;¬© °M8g°�®¬¯>©j?BµB¯¬8g§T?BAB8�«¬;¬© (�8X¾n© �

�?B¯¬©Z9�² � Ú�� I�AN8�¯¬;¬8�¼¬;¬?B«>«�8g²�¨�©j?B¯>;>²�AB?�§j=�·`ªP©j«>;¬± � �>I �MI�ÓLÔ � ;�¨XD ¾iD D{½-¸j©P?B«>;¤A
¨B?B±�;d9<;�;¬«¬?�±�=@©j¯>©q?B¸l«¬?BAN8�«>¶ «�8�®>¯¬©j?Bµ�¯�8g§T?�AN8�«¬;¬; 
�?B¯¬©Z9�²|I`®¬?�ºl¨B?�=�·�¸�·M=@=@;d¿
¯¬?BAN8�«>;¬©6®¬? 
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