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Ðh»G¯l«�3H¯lLN»G58l«gF9»9¨924·l2�:8³a5gFG3H2a¶C¯WºG\«8:8FO©�¬979FG:82a¶CF9«�¨G58�¸�¨9¯W28ªMµ;2a¶CFG3H24l«gF�FGl¬92gDGÀ4³l24:45g«8À|¸9:458¨9«g24:82g¹Î¬928DG¯l:4°;±

«g¯W2879F9±�:828³a3H°i®�¯l¨GF9º�=G1&24¨9¯l»9¨G2G@924ª8Ñ�¯a3�3H¯W«g2a¶CF9»9¯a\¸i28·W2*¬924l28ª8F9©�¨9¯�¶C28¬9°;\¸O5g¯W«Q¬G24oDC¯o¶C24:45g«8¯\DGÀ4¨928·W2)FG³\DG2ML)¯l¨9FO©
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\°O36365#¸9:458¨9«g24:828º�lFG\«8¯W3H´�@M7G5g:4¨G5E©�¬G2h28¬G79¯o¶C¯lDG¯l¨GF9±Ä\DG¯o¶£°�\«E5g«gFC\«gF9»G¯W\¸i24·l2h24¬9¯l7C5g«g247G59@a3H2MLQ¯l«#ª8´%«gÀ#³W58¬9FGl58¨G5
:*:8Fi¶£¯&²&°i¨9¸G¿9F928¨C5EDGÀ4¨928·W2QF9¨G«g¯l·W7G5EDC5):4Fi¶£5

Σ = C

∫
Dψ+Dψe−Sβ(ψ+,ψ).

�ïÇ��
ÕC¶C¯a\À�F9¨9«g¯W·l79FG7928:;5g¨9F9¯*:4¯o¶C¯W«8Y©�¬92�¸i243H¬9DG¯l¸O\¨G2�¹hl28¬97;©OLQ¯W¨9¨9´(3Ê¬92gD9©G3

ψ+(x, t)
@
ψ(x, t)

� ¬928D9©�3H24·l°i«�FC3H¯l«gÀ
¶C24¬92gDG¨GF9«g¯\DCÀ8¨9´%¯�³l¨G5M»9¸GF�@�¨G5g¬97GFG3H¯l7�@%l¬9F9¨92479¨9´%¯��\@�¸;24«g287G´%¯�¬979¯\¶£\«E58:gD9©9±#«�F9³�\¯WªM©¢¸ODC58W\F9»G¯W\¸GF9¯�¬G2gDG¯W:8´%¯
¬9¯W79¯W3H¯W¨9¨9´%¯8@k¸;2;363H°i«gF979°i±h®QF9¯N:�ª824³l28¨G¨9243¢\DG°i»G5g¯)F>5g¨9«8F9¸i24363H°i«gF979°i±#®�F9¯�� ·l7G54ll3658¨928:4´%¯��h:�²&¯l7G3HF924¨9¨92;3�=
��°i¨9¸9¿9F924¨G5ED�°i¬9243�©9¨9°i«g´�µ|¬G2gDG¯Wº	�¦¶C¯lºGl«g:8FG¯�
\«g¯W3H¬9¯W7G5g«8°;7G¨928º�
�«8¯l287GF9F

Sβ(ψ
+, ψ)

��l2a¶C¯l7;LNF9«QF9¨9«g¯W·l79F97G28:45g¹
¨9FO©*¬92�¸i282474¶CF9¨G58«g¯

x
� :�³a5M¶£58¨9¨92;3028ª4Ñ�¯W3H¯�FODCF�@g¸O5g¸*¾l«82�24ª8´%»9¨G2�FQ¶C¯lDC5g¯W«8Y©�@g:42#:;\¯W3�¬9792;\«g7C5g¨Gl«g:8¯���F):479¯W3H¯W¨9F

t
¬92�F9¨9«g¯W79:45gDG°� ) t ∈ [0, β = 1/kT ]

=��&«g28ª4´�:4´%7G5EL)¯l¨9F9¯��ïÇ��&\2428«g:4¯l«8l«g:824:45EDC2�oDC¯o¶C°�l«E5g«gFGl«gF9»9¯a\¸i28·W2�28¬9¯W7G5E¹
«g247G59@�24¸O5g³l´%:;5g¯W«8Y©�¨9¯W28ªMµ;2a¶CFG3H´(3¢¨C5EDG2MLNF9«gÀ�°;oDG24:8F9¯*¬9¯W79F92a¶CFG»9¨924l«gF>¨G5�¬928DG¯��

ψ(x, t = 0) = ∓ψ(x, t = β)
@

:8¯W7;µi¨GF9ºQ³W¨G5g¸*\2428«g:4¯l«8l«g:8°4¯l«�²&¯l7G3HF924¨G583�@E¨GFOLN¨9F9º��Éª824³l28¨C583�=E?>:8´%7C5ELQ¯W¨9F9F��ïÇ��k¨G287G3HF97G28:824»9¨9´%º*3H¨92MLNF9«g¯lDGÀ
C
28¬979¯\¶C¯\DC¯l¨�«E5g¸�@�»G«g28ª4´�¬979F�24«8\°i«8l«g:8F9F�:4³W5gFC3H2a¶C¯lºGl«g:8F9©�3H¯\L)¶C°�»G58l«gF9¿G543HF�:�¶C¯lºGl«g:8FGF

Sβ
79¯W³l°aDGÀE«E5g«��ïÇ��

\24:8¬G5E¶£5ED�\2N\«E58«8\°O363H28º�Fi¶£¯W5EDCÀ8¨924·l2*²&¯l7G3HFO¹Îª824³l¯�·\5g³a59@i:8´%»9FCoDG¯W¨9¨928·W2Q:�Æ �9@��aÈ�� ) =§�D9©�\FGl«g¯W3H´¨9¯l:4³W58FG3H2a¶C¯lºC\«g:4°;±#®�FOµ|»C58\«8F9¿�� \:428ª42a¶C¨928º�«g¯l2479F9F���«8¯W3H¬9¯W7G5g«g°i79¨G28¯#¶C¯lºC\«g:4F9¯�FG3H¯l¯W«N:8Fi¶

Sβ =

∫ β

0

dt

∫
dxψ+(x, t)

(
∂t + Ĥ1

)
ψ(x, t), ∂t ≡

∂

∂t

�¤Í��
·Y¶C¯

Ĥ1
�Â2a¶C¨928»C58\«8F9»9¨9´%º�¸G:45g¨G«g28:4243H¯\µi5g¨9FG»9¯Wl¸9F9º&·\583HFODCÀE«g28¨9FC5g¨�@M\2428«g:4¯l«8l«g:8°i±h®QF9º�¾W¨9¯l79·WF9F�Fi¶£¯W5EDCÀ8¨924·l2(·\58³W5

:�7G54\»9¯W«g¯|¨G5�2a¶C¨G°�»G54\«gF9¿G°8=��#«43H¯l«gFG3Â¨G¯l³W58:8FGlFG3H24l«gÀ
Ĥ1

28«�:87G¯W3H¯l¨GF�=�§�D9©�»G54\«gF9¿I�3658ll28º
m
:�ª42gDGÀ4Ò�243

¸O5g¨924¨9F9»9¯a\¸i243�5g¨GW583HªgDC¯&#µOFG3HF9»G¯W\¸GFG3Ä¬928«g¯W¨9¿9FG5gDG243
µ
24¨�7C5g:8¯W¨

Ĥ1 = − ∆

2m
− µ→ p2

2m
− µ

� Ô��
� FC\¬928DGÀ8³W°8¯l«4Y©�\FGl«g¯W365*¯\¶CF9¨9FG¿�@9:)¸;24«g287G28º

~ = c = 1
�o=9Ü&28D9©

ψ
F
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Ω = −kT ln Σ = −kT lnC − kT ln

∫
Dψ+Dψe−Sβ(ψ+,ψ).
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ρ = − 1

V

(∂Ω

∂µ

)

T,V
=
kT

V

∫
Dψ+Dψ

∫
dxdtψ+(x, t)ψ(x, t)e−S0

∫
Dψ+Dψe−Sβ

≡ kT

V

∫
dxdt < ψ+(x, t)ψ(x, t) >
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(−∂t+Ĥ1)
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ψ
�

(−∂t + Ĥ1)G(t, t′,x,x′) = δ(t− t′)δ(x − x′), G(t, t′,x,x′) ≡< ψ+(x, t)ψ(x′, t′) > .
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²&°i¨9¸9¿9FGF
Ĥ1Φα(x) = εαΦα(x)
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G(t, t′,x,x′) =
∑

α

Φ∗

α(x)Φα(x′)eεα(t−t′)[Θ(t′ − t) ∓ n(εα)],
� ���

·Y¶C¯
n(εα) = 1/(eβεα ± 1)
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G(t = t′,x,x′) ≡ G(t = t′ + 0,x,x)
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ρ(x, t) = ∓ < ψ+(x, t)ψ(x, t′) > |t′=t−0 = ∓G(t, t′ = t− 0,x,x) =
∑

α

|Φα(x)|2n(εα).
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ρ = − 1

V

(∂Ω

∂µ

)

T,V
u = − 1

V

(∂ ln Σ

∂β
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µ,V
,
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∫
dt

∫
dx

∫
dx′ψ+(x, t)ψ(x, t)V (x − x′)ψ+(x′, t)ψ(x′, t),
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�&³l:4¯Wl«g¨92G@C»9«g2�¬979F�28¬9FCl5g¨GF9F0Fi¶C¯a5EDGÀ4¨928·W2|ª824³l¯l¹�·\58³W59@C3H´�\«E5EDC¸9F9:458¯W36Y©��«g79°W¶C¨92;\«a©G3HF�:�28ª8DC58l«gF0¨9FG³l¸9FOµ

«g¯a3H¬9¯l7G58«g°i7�� :4´(\28¸GFOµ�¶£58:gDG¯W¨9F9º��\=gÐh7C5g:8¨G¯l¨9F9¯(l24l«g2M©9¨9FO©
N = −(∂Ω/∂µ)V,T

�¤l3�=CÇ\¹Î¯%:8´%7G5gLQ¯l¨GF9¯ � !��N�o@4¸;24«g287G28¯
oDC°4LNF9«Q¶GDG©�24¬979¯o¶£¯\DG¯W¨9FO©�µOFG3HFG»9¯Wl¸;24·l2*¬924«g¯l¨9¿GFG5EDC5)¬97GF�³a5M¶£58¨9¨9´�µ�«8¯W3H¬9¯W7G5g«g°i79¯�F�¬ODC28«g¨92;\«gF�lFG\«g¯a3H´�@i¶£58¯l«
µ = 0

¬979FN¸i28¨G¯l»9¨9´�µQ³l¨G5M»9¯W¨9FO©Oµ
ρ0
@
T0
Æ �G@��;@
gÈ �gFG¨G5M»9¯�·l24:8287;©�@M:�¾l«828º*«g28»G¸;¯/� ¨G5g³W´%:458¯W3H28º ����+ 4 +�� &23 ��.�1���µOFG3HF9¹

»9¯a\¸9F9º�¬G28«g¯W¨9¿9FG5gD�3H¯W¨O©9¯l«�³l¨G58¸�=GPk58¸�¸O5g¸�Fi¶C¯a5EDGÀ4¨9´%º�7G5g:4¨928:4¯W\¨G´%º�ª428³l¯l¹�·\58³#°;\«g24º9»9F9:*DCF9Ò�ÀN¯aoDGF
µ ≤ 0

@9¬97GF
¶£5gDGÀ8¨9¯Wº9Ò�¯a3Â°i:8¯\DCF9»9¯l¨GF9F�¬ODC28«g¨92;\«gF�FODGF�°i3H¯W¨9À8ÒQ¯l¨9FGFI«g¯W3H¬G¯l7G58«g°i79´Å¬9¯W79¯Wl«M58¯l«�7G5gª428«E5g«gÀ�Fi¶C¯W5gDGÀ8¨G2g¹Î·\5g³l24:824¯
28¬GFGl58¨9F9¯(\FC\«g¯a3H´�=4Ü&28¾W«g243H°�¶GD9©*28¬9FGW5g¨9F9©Q©9:8DG¯l¨9F9©*l:8¯l7;µO«g¯W¸9°i»9¯Wl«gF*«g79¯lª4°8¯W«8Y©)°i»9¯a\«gÀ�:4³W58FG3H2a¶C¯lºC\«g:4F9¯�¸9:458¨O¹
«g24:8´�µ�»G58l«gF9¿�@�«M= ¯8=£¶C24ª458:8F9«gÀ�»ODG¯l¨ �ïÇ ���h:N¶C¯WºG\«8:8F9¯��¤Í��o=kÌ"28·_D£58\¨G2|·lF9¬G28«g¯W³l¯)Ï�5g¨i¶£5M°�¶GDG©�28¬9FCl5g¨GFO©�²�5g³W28:428·l2
¬9¯W79¯\µ;2a¶£5h¬G28«g¯W¨9¿9FG5gD):4³W5gFC3H2a¶C¯lºGl«g:8F9©�¶C24l«E5g«g24»9¨92�:8³\©9«8À�:&¬97G24\«8¯lº9ÒQ¯W30:4Fi¶C¯

V (x−x′) = λδ(x−x′)/2
@g
λ > 0

@
»9«g2�3H2a¶C¯lDGF979°4¯l«�28«g«E5gDG¸9F9:;5g¨9F9¯�»G54\«gF9¿)¨G5#ªgDGFG³l¸9FOµQ7G58W\«g2M©9¨9F9©Oµ � ª824³l24¨9¨G5E©�lFG\«8¯W365�«g2gDCÀ8¸i2#�¬979FG«W©OL)¯l¨9FG¯W3�¨9¯
FG3H¯W¯l«�7G58:8¨924:8¯a\¨924·l2#l24l«g2M©9¨9FO©*«M=4¸�=4»G58l«gF9¿9´�\DGF9¬G58±h«8Y©��\=;Õ�543H¯l«gFG3�@4»9«g2�3H´�7G54lW365g«g79FG:45g¯a3�lFG\«8¯W3H°)¬979F)¶C28¹
\«E58«g28»9¨G2�¨GF9³l¸i28º)«g¯a3H¬9¯l7G58«g°i79¯8@8¬979F*¾l«g2;3�3H2MLN¨92&¬928DC5g·\58«gÀG@M»9«g2�lFG\«g¯a365#¶C24l«E5g«g24»9¨92�¬ODG28«8¨G5E©�@gF)¬979FG«W©OL)¯l¨9FG¯W3
»G54\«gF9¿�3H2MLN¨92*¬979¯W¨9¯lª479¯l»GÀG=
Ì"«E5g«8l°O36365Q«E58¸;24º�lFG\«8¯W3H´FG3H¯l¯W«N:8Fi¶�� ) Σ = G(A,A+)|A,A+=0

@9·Y¶C¯

G(A,A+) = C

∫
Dψ+Dψ exp

{
ψ+

(
− ∂

∂t
+

∆

2m
+ µ

)
ψ − λ

2
(ψ+ψ)2 + ψ+A+A+ψ

}
,

�ïÇ8Ç��

ψ(x, 0) = ψ(x, β)
@i5g7G·l°O3H¯l¨9«8´

x
@
t
:4l¯\µQ¬G2gDG¯WºN28¬9°i®�¯W¨9´�¶GD9©N¸97G58«g¸i24\«8F�@8F9¨G«g¯l·W79F97924:45g¨GF9¯(¬92�¾W«gFG3>5g7G·l°O3H¯l¨9«E543

:�¶C¯WºG\«g:4F9F*¬92a¶C7G58³l°O3H¯l:;5g¯W«8Y© �a¶GD9©*28ª4®�¨92;\«gFN3H´Ä:8:8¯lDGF*:8¨9¯WÒ�¨9FG¯�¬G2gD9©
A(x, t)

F
A+(x, t)

@4²&F9³WF9»9¯a\¸i28º*\FGl«g¯W3H¯
\2428«g:4¯l«8l«g:8°4¯l«

A = A+ = 0
=

1&79F9«8¯l79F9º�°;\«g24º9»9F9:424\«8F�FO¶C¯W5gDGÀ8¨924·l2�ª824³l¯��;·\5g³a5I�
µ < 0

��¨G5�©9³l´%¸i¯|²&°i¨9¸9¿GF928¨G5gDC5<�ïÇ4Ç���28³W¨G5M»G58¯l«M@�»9«g2�¬97GF
λ = 0

¸9:;5M¶C7C5g«gF9»G¨G5E©�»C58\«8À�¶C¯WºG\«8:8FO©%� «g28»G¨9¯l¯4@O¯l¯�:8¯l®Q¯Wl«g:8¯W¨9¨G5E©|»C58\«8À��!¬92gDG2MLNF9«8¯\DGÀ4¨92Q24¬979¯\¶C¯\DG¯W¨G59@i»9«82Q¨9¯W28ª8¹
µ42a¶£FG3H2*¶GD9©�l°i®�¯Wl«g:824:458¨9FO©�·\5M°4ll28:428·l2*²&°i¨9¸9¿9FG28¨G5gDGÀ8¨924·l2*F9¨9«8¯l·l7C5EDC5%�ïÇ8Ç��o=£?":4¯o¶C¯W¨9F9¯�:4³W58FG3H2a¶C¯lºC\«g:4FO©�F9³W3H¯l¹
¨O©9¯W«*lF9«g°;5g¿9F9±Q=GP�¯W¬9¯l7GÀN7G58Yµ;2a¶CFG3H24l«gÀ)¬979F�ª828DGÀ8ÒQFOµ|³l¨G5M»G¯l¨9FO©Oµ�¬92gDG¯Wº�24ª879¯W³W58¯l«8Y©�:*¬9¯W79:8°i±É24»9¯l79¯\¶CÀ*»ODG¯W¨9243
¶C¯WºG\«g:4FO©

λ(ψ+ψ)2/2
@O¬924¾l«g2;3H°|¸979F9«8¯l79F9¯a3Ä°4\«828º9»9FG:824l«gF�©9:gD9©9¯W«8Y©

λ > 0
¬979F�¬97924F9³l:42gDGÀ4¨9243

µ
=

"658Wl3H28«879FG3Å²&°i¨9¸9¿GF928¨G5gD�� ) W (A,A+) = lnG @�28»9¯W:8Fi¶C¨G´(3�28ª87C5g³l2;3�\:g©9³a5g¨9¨G´%ºÊ�«8¯l7G3H2a¶CFG¨G583HF9»G¯W\¸GFG3¬924«g¯l¨9¿GFG5EDG2;3¢Ã�FGª8ª4W5)¶GD9©�ª828DGÀ8ÒQ28·l2N¸O58¨928¨9FG»9¯Wl¸;24·l2�58¨Gl543HªgD9© �
W (A,A+)|A,A+=0 = −βΩ

=�?�´%¬92gDC¨9FG3¢²&°i¨9¸O¹
¿9F924¨G5EDCÀ8¨924¯#¬97G¯l28ª47G5g³W28:;5g¨9FO©|Ï�¯lL)58¨i¶C7G5�Æ ÍEÈ

Γ(α+, α) ≡W (A,A+) −
∫
dtdx

[
A+(t,x)α(t,x) + α+(t,x)A(t,x)

]
,

α(t,x) = δW/δA+(t,x),
α+(t,x) = δW/δA(t,x),

�ïÇaÍ��

»9«g24ª8´¦:8:8¯a\«gF�¨928:4´%º�²&°i¨9¸9¿GF928¨G5gD�	 ) Γ(α+, α)
=kB&28:4´%¯�¬9¯W79¯W3H¯W¨9¨9´%¯

α
@
α+ @�24«�¸i24«g2879´�µ0³a5g:4FG\F9« Γ

@�³a5M¶£58±h«8Y©
:8«82879´(3�FN«g79¯W«gÀ8FC3�7G5g:4¯l¨Gl«g:4543HF���ÇaÍ��o@g¸i28«82879´%¯%«E5g¸9LQ¯h\DG°;L)5g«#¶GDG©*:4´%7G5EL)¯l¨9F9©

A+ @ A »G¯l79¯W³ α @ α+ =4Á(¨C5EDG24·l243«E5g¸i28·W2�¬979¯W28ª87C5g³l24:458¨9FO©�:�«g¯l7G3H2a¶£F9¨G583HFG¸;¯�©9:gD9©9¯W«8Y©>»9FG\DG28:428¯|¬97G¯l28ª47G5g³W28:;5g¨9F9¯*Ï�¯lL)5g¨O¶C7G5�¬979F�¬9¯l79¯lµ42a¶C¯�28«
¾l¨G¯l79·WF9F

E(S, V )
¸�@k¨G58¬979FG3H¯W7�@�l:824ª82a¶C¨924º�¾W¨9¯l7G·lF9F

F (T, V ) = E − S(∂E/∂S)V = E − TS
)¶C79°i·lFC3HFI¯Wl«g¯\¹

\«8:8¯l¨G¨9´(3HF�¬9¯W79¯W3H¯W¨9¨9´(3HF�= �&«E58¸�@�3H´�:4:8¯lDGFI¨924:8´%ºI«g¯W7G3H2a¶CF9¨C583HF9»9¯a\¸9FGº�¬924«g¯l¨9¿GFG5ED
Γ(α+, α)

¶GD9©I¸i28«8287924·l2
¯Wl«g¯Wl«g:8¯W¨9¨9´(3HF�¬928DG¯l:4´(3HF�¬G¯l79¯a3H¯l¨9¨9´(3HF�©9:8D9©9±h«4Y©

α
@
α+ @C5Q¨G¯

A
@
A+ =���F9³lFG»9¯Wl¸9F9º0l3H´(\D�¨928:4´�µ�¬9¯l7G¯W3H¯l¨9¹¨9´�µ&ª8°W¶C¯W«(28¬97G¯o¶C¯lDG¯l¨�¨9F9LQ¯8=aÐRoDC28:8FG¯R28ª47G5g®Q¯l¨9FO©&:(¨928DGÀ%:8¯lDGF9»9FG¨

A
@
A+ @a¬979¯\¶C¬92gD£5g·\5g±#®�¯W¯WY©#:h:8´%7G5gLQ¯l¨GF9F�¶GD9©\«E58«8\°O363H´

Σ
@i3H2MLQ¯l«�ª4´%«gÀ�DG¯W·l¸i2�³a5g¬9FGW5g¨92�:�«g¯l7G3HFG¨G5Eµ|²&°i¨9¸9¿9FG28¨G5gDC5

Γ
� ¬97G28:8¯W7;©9¯l«8Y©)¶CFG²�²&¯W79¯l¨G¿9F97924:45g¨GF9¯W3

¬9¯W79:824·l2)7G5g:4¯l¨Gl«g:45 �ïÇMÍ���¬92
α
@
α+ �Q�

A(t,x) = −δΓ/δα+(t,x) = 0,
A+(t,x) = −δΓ/δα(t,x) = 0.

�ïÇWÔ��

Ø"«g2)¶£58¯l«)¨G583I¶C24¬92gDG¨GF9«g¯\DCÀ8¨9´%¯&°i7G5g:4¨9¯l¨GFO©�l24\«82M©9¨9FO©�@O¬924³l:828D9©9±h®QF9¯�28¬979¯\¶C¯\DCF9«gÀ
α(x, t)

@
α+(x, t)

=


) G(A,A+) D úMðaîoñMôïóoî �Mòa÷!ñaùJH�öaø ��AMñMîoø��Yý�úMî_ýEø�� � H�öWø ��AañMù S ðMñMø ��
) W (A,A+) D úMðMîoñaô�óoî �MòM÷RñMù/H�öWø ��AañMîoø��Yý�üïó_òMôïø � ���WîoðMðaíïýaò�AMñMîoøaø � � H�öWø ��AMñMù:W XZY�
) Γ(α+, α) �IúMðaîoñMôïóoî �Mòa÷!ñaùJH�öaø ��AMñMîoø��Yý� � û��_üïþ\ñMûMøaî�øMíïúMðMñaóoî �EñEõ�� � H�öWø ��AañMù S ðMñaø��LW XZY 	

Ö



B&¯l«879°W¶C¨92&¶C24¸O5g³W58«gÀ&¶GDG©�²&°;¨G¸9¿9F924¨G5EDG24:�� ) @i\:8©9³W5g¨G¨9´�µ)¬G79¯l24ª87G58³l28:;5g¨9FG¯W3�Ï�¯\L)58¨i¶C7G5G@8\2428«g¨G28Ò�¯W¨9F9¯(¨C5�365g«g¹79F9¿G´Ú:4«g2879´�µ�¬97928FG³l:82a¶£¨9´�µ

W2Γ2 ≡




∂2W

∂A∂A

∂2W

∂A∂A+

∂2W

∂A+∂A

∂2W

∂A+∂A+







∂2Γ

∂α+∂α+

∂2Γ

∂α+∂α

∂2Γ

∂α∂α+

∂2Γ

∂α∂α


 = −1

��ÇlÖ#�

1&792;3H¯�«828·l2�¬G7928F9³W:82a¶C¨C5E©�FGYµ;2a¶C¨924ºQ²&°i¨9¸9¿9FGF
W (A,A+)

¬G2#DC±hª824º*¬9¯l79¯a3H¯l¨9¨G28º�@g¸G79243H¯
A
@
A+ @ α @ α+ @gF*¬97G28F9³l¹:82a¶£¨G5E©N¬979¯W28ª47G5g³W28:458¨9¨924º)²&°i¨9¸9¿GF9F

Γ(α, α+)
¬92Q¾l«g24ºNLQ¯#¬9¯l7G¯W3H¯l¨G¨928º�\28:4¬G5M¶ 5g±h«NÆ ÍMÈÎ=9Ø"«g2�¬924³l:42gD9©9¯W«�³W58¬9FGl58«gÀ

°i7G5g:4¨9¯l¨GFO©�l24\«82M©9¨9FO© � !��":*«g¯l7C3HF9¨G5Eµ�:8:4¯o¶C¯W¨9¨928·W2)²&°i¨9¸G¿9F928¨C5EDC5
Γ
�

ρ =
1

β

(∂W
∂µ

)
β=Const
A,A+=0

=
1

β

(∂Γ

∂µ

)
β=Const
A,A+=0

, u = −
(∂W
∂β

)
µ=Const
A,A+=0

= −
(∂Γ

∂β

)
µ=Const
A,A+=0

,
�ïÇa×��

³o¶£¯W\À
W = W/V

@
Γ = Γ/V

¹R°W¶C¯\DGÀ4¨9´%¯�«g¯W7G3H2a¶CF9¨G543HF9»9¯a\¸9F9¯�¬G28«g¯W¨9¿9FG5gDG´�=
�h247928ÒQ2�F9³l:4¯Wl«g¨92NÆ ÍMÈÎ@4»9«82�²&°i¨9¸9¿9F924¨G5ED

Γ
3H2ML*¨G2�¨G5gºG«gF|(¬92;3H28®QÀ8±�«g¯W2879F9F�:828³a3H°i®�¯l¨GF9º*¬92�»9FG\DG°*¬9¯l«8¯\DGÀC@

¬979F)¾l«8243�:4¯o¶C°i®�FGº�:8¸9DC5M¶ � «M=g¨�= 
Y¶C7G¯l:8¯a\¨924¯�
g@lFODGF)ª8¯a\¬9¯W«aDG¯l:428¯!¬G79F9ªgDCFOLQ¯W¨9F9¯��k28¬G79¯o¶C¯lD9©9¯l«4Y©�¶C¯lºC\«g:4F9¯W3�«g¯l2479F9F
&³W543H¯l¨924º

ψ+ @ ψ ¨G5 α+ @ α =C?¢3H2a¶C¯\DCF<��Ç8Ç��!FC3H¯l¯W3 �

−Γ(α+, α) = −Γ0 − α+(− ∂

∂t
+

∆

2m
+ µ)α +

λ

2
(α+α)2 + ...

��Ç(���
³o¶£¯W\À

Γ0
� \:8©9³W58¨9¨9´%º��¸;24¨G\«E58¨9«g28º

C
�ïÇ���:8¸OD£5M¶�¨9¯W³W58:8FGY©9®QFOµ�24«

α+, α
»ODG¯W¨928:C@�3H¨924·l24«g28»9FG¯W3Â28ª428³W¨G5M»9¯l¨

:8¸9DC5M¶�¬9¯l«aDG¯W:8´�µ�¶CFG58·l7G54363�� ) =6<�´S¨9¯�2;\«E5g¨C5g:gDCF9:458¯W36Y©>¨G5�«g¯\µO¨9F9¸i¯�:8´%»9FCoDG¯W¨9FO©�²&°i¨9¸9¿GF928¨G5gDC5 Γ
@H28«8l´�DC5E©

»9F9«E58«g¯\D9©�¸�Æ ÍMÈkFODGF�\2428«g:4¯l«8l«g:8°i±#®�FG3�¸9°i7Gl543IDG¯W¸9¿9F9ºk=
§�D9©�²&°;¨G¸9¿9F924¨G5EDC5 �ïÇ����":*28«8l°i«8\«g:4F9¯�:8¨G¯lÒ�¨G¯l·l2*¬928D9©�°i7G58:8¨9¯W¨9FO©�\«E5g¿9FG28¨G5879¨924l«gF<�ïÇWÔ��"FG3H¯l±#«N:8Fi¶

δΓ

δα+
=
(
− ∂

∂t
+

∆

2m
+ µ

)
α− λ(α+α)α = 0,

δΓ

δα
=
( ∂
∂t

+
∆

2m
+ µ

)
α+ − λ(α+α)α+ = 0.

"658Wl365g«879F9:45g©ÄlFG\«g¯a3H°�:>«8¯l7G3H2a¶CFG¨G583HF9»G¯W\¸i2;3�¬97G¯o¶C¯lDGÀ8¨92;3�¬G¯l79¯lµ42a¶C¯�� «M= ¯8="¬979F�28ª4Ñ�¯W3H¯
V → ∞ �o@!7G5g³W°i3H¨G2¬979¯\¶C¬928DG2MLNF9«gÀ�«87G5g¨G\D9©9¿9F924¨9¨9°i±�F9¨9:45879FG58¨9«g¨92;\«gÀI� ¨9¯lFG³W3H¯l¨G¨924l«gÀ�¬G79F��¶C:4F9·l¯Q:�¬97G24\«87G5g¨Gl«g:8¯��%FGl¸i243H28·W2|79¯l¹

Ò�¯W¨9FO©�@�5>:4l¬9243HFG¨G5E©�2I«g2;3�@"»9«82�3H´Ë7G58Wl3658«g79F9:;5g¯W3�lFG\«g¯a3H°�:�\2;\«g2M©9¨9FGF�7G5g:4¨928:4¯W\F9©�@6¬928«g7G¯lª8°4¯W3�«E5g¸OL)¯
¨9¯W³W5g:4FG\FC3H24\«8F

α+ @ α 24«�¬G587G583H¯W«g7G5 t =HPk28·Y¶£5�3H´Å¬928DG°i»G5g¯a3�\FC\«g¯a3H°>28ª8´%»G¨9´�µI5EDG·W¯lª87C5gF9»9¯a\¸9F9µ�°i7G58:8¨9¯W¨9F9º
µα− λ(α+α)α = 0

@
µα+ − λ(α+α)α+ = 0

@9¸i24«g2879´%¯&FG3H¯W±h«Q¶C:;5Q7G¯lÒ�¯W¨9FO© �
Á �

α = α+ = 0, � � α+α = |α|2 = µ/λ.
��Ç����

Ì"FGl«g¯W3H°�¶£:8°;µ�¬92gDG¯Wº
α+ @ α � ¸O5g¸ÚFÚ\24¬97;©OLQ¯W¨9¨9´%¯�¸¨9FG3Å28«g¨92;\F9«8¯\DGÀ4¨92�¬G79¯l24ª87G58³l28:;5g¨9F9©ÄÏ�¯lL)5g¨O¶C7G5I¬G2gD9©

ψ+ @ ψ ��7G54lW365g«g79FG:45g±#«N¸O5g¸�28ª8´%»G¨9°i±ÉF�¸;2;3H¬ODG¯W¸il¨92g¹~\24¬97;©OLQ¯W¨9¨9°i±Ú¸i2;3H¬928¨9¯W¨9«g´2a¶C¨924·l2*¸i243H¬ODG¯W¸O\¨924·l2*¬92gDG©�@¬924¾l«g2;3H°�:8«g247928¯�79¯WÒ�¯W¨9F9¯(\°i®Q¯W\«8:8°8¯W«hDCF9Ò�À&¬979F
µ > 0

=
��\¬928DGÀ8³W°8¯a3H28¯!ª4¯Wl¬9¯l«aDG¯W:828¯�¬979FGªgDGFOL)¯l¨9FG¯8@8l28ª4l«g:8¯W¨9¨92C@
F�¬979F9:4¯\DG2*¨G54�¸�2;\¨924:8¨9´(3�\2824«g¨924Ò�¯l¨GFO©G3I«g¯W2879FGF�l79¯o¶£¨9¯l·W2)¬G2gD9©�Ï�5g¨i¶ 5M°��ïÇ����o=
�&«g24ª8´�28«g:4¯l«gF9«8À(¨G5�:824¬9792;H:(¸O5g¸i243�oDG°i»G58¯679¯W5gDGF9³W°;±#«8Y©�¬92gDC°;»G¯l¨9¨9´%¯!79¯lÒQ¯l¨9FO©�@W¨G5M¶£2%:4\¬G243H¨9F9«8À(28ª%¾W¸il«g79¯l¹

365EDCÀ8¨9´�µ|\:428ºGl«g:45gµQ«g¯W7G3H2a¶CF9¨C583HF9»9¯a\¸9F9µ|¬928«g¯W¨9¿9FG5gDG28: � °4\DG28:4FO©OµN«g¯l7C3H2a¶CF9¨G543HF9»9¯Wl¸i28º|°;\«g24º9»9F9:424\«8F��o=i<�2ML*¹
¨92�¬924¸O5g³W58«gÀG@E»G«g2�oDG¯\¶£\«8:8F9¯a3�¾W«g28·W2&©9:gD9©9¯W«8Y©)°;oDG24:8F9¯�:4´%¬9°i¸ODG24l«gF*²&°;¨G¸9¿9F924¨G5EDC5

Γ
Û�� ) @g«M=8¯4=g¬92gDC2ML*FG«g¯\DGÀ4¨924l«gÀ365g«879F9¿9´S:8«g2479´�µI¬97924F9³l:42a¶C¨9´�µ −Γ

¨G5�¬9792;\«g7C5g¨Gl«g:8¯�¨9¯l³a5g:4FGY©9®�FOµ>24«�:87G¯W3H¯l¨GF�:;5g79FG58¿9F9º�= ��°i¨9¸9¿9FG28¨G5gD
Γ
@

\°;L)¯l¨9¨9´%º�¨G5�¬9792;\«g7C5g¨Gl«g:82�¬G¯l79¯a3H¯l¨9¨9´�µ
α
@
α+ @;¨9¯h³a5g:4FGY©9®�FOµ)28«�¸i242874¶CF9¨G58«g´�F|:87G¯W3H¯l¨GF�@4³a5g:4FG\F9«�«82gDGÀ4¸;2�28«

|α| =£Ì!DG¯\¶£\«g:4F9¯W3�¾l«828·l2)©9:8D9©9¯l«8Y©�¸979F9«8¯l79F9º�¸9DC58W\F9»9¯a\¸i28º�«g¯W2879F9F�l79¯o¶C¨G¯l·l2*¬928D9©�Ï�58¨i¶£5M°��

0 ≤ − ∂2Γ

∂|α|2 = −µ+ 3λ|α|2 =

[ −µ, α = 0,
oDG°i»G58º�Á

2µ, |α|2 = µ/λ,
oDG°i»G58º �

�
) K �_úMî\õ9øMñEõ � õ���ð��_üïü�õ��_þ\ðMñaó��_í�õ @ïþlñ H�öWø ��AMñaîoø��Yý���ø ��úMðMîoüïþ\ð��_øMüïþ\óoí6úMíïðMñMî �EñMûMíïü �Mñ���úaî t H�öWø ��AMñaù
		
) � íïþYýEíïóoîoí6ð��_ô~ýEî=E!í�øañMí�ô �Eíïüïÿ%üïúMð��_óoí �MýEñMóoî(üHöWûMíïþ\î\õ λ << 1 ñ�üïîoîoþ\øMî��RíïøMñaò |α|2 ∼ O(1/λ) � îQPoîoü�øaîoó��_øMøMî �ïî#øañ�E!í�	ë�

) ? ��úaö��WýEîoüïþlÿ �Mýaò(øMíïô �_óoñaü�òM÷Rñ��hîoþRóoðMí�õGíïøMñhúMîoþ\íïø�AMñ��YýMîoó"üïþ �_þ\ü~öMõGõ�� � íïíkýEî � �_ðMñ�HHõ��!ñ9H�öaø���AMñMîoø��Yý�� Γ îoþ\øMîoüïñMþ\íïýMÿoøMîRü�óoîoñ�úMíïðMí�õ9í�øaø � ��òMó_ýaòMíïþ\ü�òLH�öaø����oõGíïøMþ �YýMÿoø �kõ H ���Mþ\î\õ � �Eíïþ �YýEÿoøaî%îQPoüïö2E �Mí�øaø �kõ�óLW XZY

×



Ì!DG¯\¶C28:;5g«g¯lDGÀ8¨92�«g79F9:4FG5EDCÀ8¨924¯�79¯WÒ�¯l¨GF9¯)ÁL�#°4\«828º9»9FG:82�¬G79F
µ < 0

@ 5�¨G¯l«g79FG:8FG5gDGÀ8¨924¯
�
� ��¬G79F

µ > 0
ÛYÛ ) @�l2824«E¹:8¯W«8\«8:8°i±h®QF9º�·l7G54²&F9¸�²&°i¨9¸G¿9F928¨C5EDC5

(−Γ)
FG3H¯W¯l«N:4Fi¶�@OF9³W28ª87C5ELQ¯W¨9¨9´%º�¨G5)79FGl°;¨G¸;¯EÛ  ) =

"RFG8=�Ç

?�¯l79¨9¯a36Y©N«g¯l¬9¯W79À�¸N°i7G58:8¨9¯W¨9F9±Êl24\«82M©9¨9FO©*F9³J�ïÇM×��\=
�#¨92*¬979FG3H¯W«N:8Fi¶

ρ =
1

V β

(
∂W

∂µ

)

T

=
1

β

(
∂Γ0

∂µ

)

T

+|α|2. �ïÇ���

Õ�583H¯W«gFG3�@�»9«82�:4¯\DGF9»GF9¨G5
(∂W/∂µ)T

3H2MLQ¯W«�ª4´%«gÀ�:4´�¹
»9FG\DG¯l¨G5�«82gDGÀ4¸;2�:�¨G5M¶£¸;24¨i¶C¯W¨Gl58«g¨9243Ê\24l«g2M©9¨9F9F � ¬G79F
µ < 0

�o=*? ¨G°WDC¯l:82;3 ¬9287;©i¶C¸i¯¢«g¯W2879FGFÅ:824³W3H°i®�¯W¨9F9º
¬92):8³W58FG3H2a¶C¯WºG\«g:4F9± � ¬979F9ª8DGFOL)¯l¨9F9F�Fi¶C¯a5EDGÀ4¨928·W2�·\5g³a5��
¶GD9©�¾l«828·l2|3H2MLN¨92N:424l¬92gDGÀ4³l24:45g«8À4Y©NF9³l:4¯Wl«g¨9´(3Ä:8´%7G5g¹
LQ¯W¨9F9¯W3�¶GD9©*\«E5g«8l°O363H´ÊÆ �9@��aÈÎ@E¬92gDC°;»C5g¯W3H´(3�\°O363HF97928¹
:458¨9F9¯W3�¬92�\¬G¯l¸9«g7G°8@gFODCFN:8´%7G5gLQ¯l¨GF9¯W3�¶GD9©*³W5g¸i247928»9¯W¨O¹
¨928·W2�¬G7928¬G58·\5g«g247G5N«g¯W2879FGF �¤l3�=�²�¹�DG´ � �M¹ !��=�\= Ü&24¬97G58:g¹
¸9F�¬92

λ
¸
W
\«g7G2M©9«8Y©�:N7C583H¸O5Eµ�24ª8´%»9¨G28º�¸9:458¨9«g28:42 �

¬92gDC¯l:824º�«8¯l287GF9F�:828³a3H°i®�¯l¨GF9º�ÆÓÇ8@CÍMÈ�=
1�5g¸�¨9°aDG¯W:828¯�¬G79F9ªgDCFOLQ¯W¨9F9¯8@G«M58¸�F�¶CFG5g·W7G58363H´«g¯W2879F9F�:428³W3H°i®Q¯l¨9F9º�l°;®Q¯Wl«g:8°i±h«Q¶GDG©�¶£58¨9¨924·l2*28ª4Ñ�¯l¸9«E5QDGF9ÒQÀ
¬979F

µ ≤ 0
� ¬G2gDG2MLNF9«g¯lDGÀ8¨G24\«8À)2a¶£¨928»G54\«gFG»9¨928º�¾l¨G¯l79·WF9F��o=CÜ&79¯lFG3H°i®Q¯W\«8:8243I©9³l´%¸O5*²&°i¨9¸9¿9F924¨G5EDCÀ8¨924·l2�¬G79¯l24ª87G5g¹

³l24:458¨9FO©�Ï�¯lL)5g¨O¶C7G5Q©9:gD9©9¯W«8Y©�«82G@O»9«g2N¬G7G5g:;5E©�»C58\«8À)°i7G58:8¨9¯W¨9FO©%��Ç����3H2MLQ¯l«)ª8´%«8À):4´%»9FG\DG¯l¨G5)F�¬979F
µ > 0

=
?I7C583H¸O5Eµ*²&¯l¨92;3H¯l¨928DG28·WF9»9¯Wl¸i28·l2�28¬GFGl58¨9FO©�ÆAÇ4@��MÈ£¨9FOLQ¯h«g28»9¸GF|²�5g³l24:824·l2�¬9¯l79¯lµ42a¶£5&lFG\«g¯a365�7G54ll3658«g79F9:;5g¯W«E¹

Y©�¸O58¸�l28:428¸9°i¬9¨92;\«gÀQ¨9287C365EDGÀ4¨928º�F�\:8¯W7;µi«8¯l¸9°i»9¯Wº�¸i243H¬G28¨9¯W¨9«)L*FO¶C¸i24\«8F�=£Ø"«g2N¬92a¶£«g:8¯W74L)¶£58¯l«8Y©�:8´%7G5gLQ¯l¨GF9¯W3
�ïÇ ��\= Ü&¯W79:824¯)\DC5g·\58¯W3H24¯�¬97G58:824º0»G58l«gF �ïÇ���(¨G24\FG«�¨G58³l:;5g¨9F9¯Q¨9287C365EDGÀ4¨928·W2�:8¸9DC5M¶£5�:�¬ODG28«8¨924l«gÀG@�24¨92G@ ¬92�5g¨G5g¹
DG24·lF9F��F9³\DC2MLQ¯l¨G¨9´(3:�¬9¯W79:82;3Ú¬C5g7G58·l7G54²&¯8@k3H2ML)¯l«0ª4´%«gÀ�24¬979¯o¶£¯\DG¯W¨920¬9°i«g¯a3É:8´%»9FCoDG¯W¨9FO©>¬97924¬G5g·\58«g287G5�¬G79F
\24:8¬G5E¶£5g±#®�FOµ

t′ = t − 0
5879·l°O3H¯W¨9«E5Eµ � ¬G7928¬G58·\5g«g247�«g¯W2879FGF�¨9F9LQ¯)«g28»9¸GF�²�58³l28:428·W2|¬9¯l7G¯\µ42a¶ 59@£«a=k¯8=�¬979F

µ > 0
@

28ª;\°;L)¶£5g¯W«8Y©0:�oDG¯\¶C°i±h®Q¯W3¢7C5g³o¶£¯\DG¯��o=�Ì"°i®�¯a\«g:4¯l¨9¨92C@ »9«g2�¬979F
µ = 0

� |α| = 0
�h¾l«g24«�¬97928¬C5g·\5g«8287�l28:8¬C5M¶£58¯l«�

� ���J� ¸i28¨9¯W»9¨92G@£:�:4¯o¶C°i®Q¯W3�¬92474©i¶£¸;¯Q¬92
λ
�o@�\DG¯o¶C24:458«g¯\DGÀ4¨92|¨9247G365EDCÀ8¨G5g©�¬9DG28«g¨G24\«8À���¨9¯l¬97G¯l79´%:4¨G5E©�²&°i¨9¸9¿GFO©0:

«g24»9¸i¯�²�58³l24:828·W2%¬9¯l7G¯\µ42a¶ 5(F)7G5g:4¨G5
ρ0+O(λ)

¬979F
µ = 0

�
ρ0
�Â³W¨G5M»9¯W¨9F9¯�¬ODG28«8¨924l«gFQ:&¬97GF9ªgDGF9LQ¯l¨GF9FQFO¶C¯W5gDGÀ8¨924·l2

·\5g³a5�:*«g24»9¸i¯&²�58³l24:828·W2�¬9¯l7G¯\µ42a¶ 5��o= �(¶C¨C5g¸i2Q¸G79243H¯&¨9247G365EDGÀ4¨928º�¬ODG28«8¨924l«gF�3H´Ê¬928DG°i»9FODGF�: ��Ç���!¯W®�¯�5g¨G24365EDCÀg¹
¨9°i±Ê¶C28ª;5g:8¸G° |α|2 @O¸;24«g287C5E©|¬979FG¨9¿9F9¬9FC5EDGÀ4¨92Q¨G¯�3H2ML)¯l«�ª4´%«gÀ�¬G2gDG°i»9¯W¨G5�:)28«4\°i«8\«8:8F9¯�:8³a5gFG3H2a¶C¯WºG\«8:8FO©�=i<�2MLN¨92\¸O58³W5g«8ÀG@8»G«g2�»G54\«gFG¿9´�@i¸;24«g287G´%¯h3H´�¶C24ª45g:8D9©9¯W3�:QlFG\«8¯W3H°N¬979F�²&F9¸O\F97924:458¨9¨9243�24ª8Ñ�¯a3H¯8@8¬G24oDC¯h«g24·l2�¸O5g¸�¬ODG28«g¹
¨92;\«gÀ&¬979¯W:8´(lFODC5

ρ0
@g:4l¯�28¸O5g³W´%:45g±#«8Y© 3 ��.�$�0�&5$�35+ ��.,'V*,$�$�� - +�¨G5&¨9°aDG¯W:82;30°i7928:4¨9¯�¾l¨9¯W79·lFGF�@g28ª |α|2 ·l24:82474©9«#¸O5g¸2 ��� .�4 $ .,324:+ ��.�$�0�&5$�3N*V4 *E=£Pk58¸0¸O5g¸�:8¯lDGF9»9FG¨G5 |α|2 24¸i58³W5gDC58lÀ)¸i24¨G\«E5g¨G«g28º�@G28¨G5*©9:8D9©9¯l«4Y©�l28ª;\«g:4¯l¨9¨924º�²&°i¨9¸9¹¿9F9¯Wº�28¬9¯W7G5g«g247G5Q¾l¨9¯W79·lF9F�&¨9°aDG¯W:8´(3Ä\24ª4\«8:8¯l¨G¨9´(3I³W¨G5M»9¯l¨GF9¯W3�=9?�¸ODC5E¶�¸i24¨i¶C¯l¨Cl5g«E5):82):8¨G°;«879¯l¨9¨G±h±�¾W¨9¯l79·WF9±ÉF

«g¯W¬ODG28¯a3H¸i24\«8À*3H2MLN¨92)DG¯W·l¸i2*¬92gDC°;»GF9«gÀG@G¬92a¶£\«E58:gD9©O©%��Ç(���!:42*:8«g247928¯�°i7G5g:4¨9¯l¨9FG¯���Ça×��"&°i»9¯W«g243 �ïÇ,�V�\=
P�¯a3�W583H´(3Ä3H´Ú:*:4¯o¶C°i®�¯a3I¬97GF9ªgDGF9LQ¯l¨GF9F�� «g¯W2879FO©�Ï�5g¨O¶£5M° �R24¬9FGl5gDGF�ª828³W¯\¹Î¸i28¨i¶C¯W¨Gl58¿9F9±Q=

� � ��
��Q�N��
���+*,�
%�!��-
P�¯W¬9¯l7GÀQ¬92;l3H24«g79FG3�@i¬924»9¯W3H°N24ª87G58³l28:;5g¨9FG¯%¸;24¨i¶C¯W¨Gl58«M5�¬979F9:42a¶CF9«�¸�\:4¯l7;µO«g¯l¸9°i»9¯a\«gF�LNFi¶C¸i24l«gF�@i¸i28«g247G5E©N¨G5g¹

ªgDC±�¶£5g¯W«8Y©�¬97GF�¬G7928«g¯W¸O5g¨9F9F�LNFi¶C¸i28·W2*·l¯\DCFO©�¬G2)¸O58¬9FOD9D9©97C583I¬G79F�¨9F9³l¸GFOµ�«g¯a3H¬9¯l7C5g«g°i7G5gµ =
ë~ë

) ? @ïþ\î\õ*ü~ýMöaû �_í � îoûaí�óoñ�EøMî � λ|α|2 = µ � îoþ��aö���� |α|2 ∼ O(1/λ)ë >
) ��þlõGíïþ\ñEõ�ñMøMþ\íïðMíïüïø ��ù H ���aþ�	�[ ��îQPoø��_ðaö2E�ñaýMñLH �_ôïîoó ��ù#úaí�ðaí �\î ��ó!þ\îoû �lí µ = 0 	��"ñMôïñMûMíïü �MñEõ9ñ�úaí�ðaí�õ9íïøMø �kõ9ñ�� �_øaøMîoù#üïñMüïþ\í �õ���òMó_ýaò ��þ\ü�òhþ\í�õGúaí�ð �_þ\öWð��Rñ#úWýEîoþ\øMîoüïþlÿ C �"øMí �añEõ9ñMûMíïü �MñMù�úMîoþ\í�ø�AMñ��Yý�G � úMîQ@ïþ\î\õOö(õ ��ñEõ9í�í�õ*úMðañEõGíïð H �_ôïîoóoî ��î%úaí�ðaí �\î � ��óoþ\îoðMî �ïîðMî � � � úMðMîoñaü �\î �Mòa÷Rí �ïî#ø��TAMí~ýEîoù�ýMñMøMñMñ&ó�úMðMîoüïþ\ð��_øMüïþ\óoí!þ\íïðEõ9î �Eñaø��_ñMûMíïü �Mñ���úaí�ðaí�õ9íïøMø � � 	�O�þ\î�îoþ�ýEñMû��_íïþ�ð��_üïü�õ �_þlðañMó��_í�õ ��ù H �_ôïî��ó ��ù)úMíïðMí �\î �Nîoþ&úMðMñaó �kûaø � �)ø��oõ�úMíïðMí �\î �Eîoó�ó �aý �_üïüïñMûMíïü �Mñ��)ü�ñaü�þ\í�õ ��� � � �Mí%úMíïðMí �\î �Nóoþ\îoðMî �ïî�ðMî � ��ñEõ9íïí�þ�õ9íïüïþlî#ýEñ��Rÿ�ó&î �MøMîoùþ\îoû �lí � îQP ��ûMøMî%úMðMñ��MðMñMþ\ñMûaí�ü �lîoù&þ\í�õGúMíïð��_þoöWðMí 	
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Ì"24l»9F9«E5g¯a3�:�ª8¯a\¬9¯W«WDC¯l:82;3�¬G79F9ªgDCFOLQ¯W¨9F9FI��Ç(���R365g«g79FG¿9°*:8«g2479´�µ)¬G7928F9³W:82a¶C¨G´�µ)²&°i¨9¸9¿9FG28¨G5gDC5
Γ
:�»G54\«g24«g¨928¹

FG3H¬9°aDGÀ;\¨92;3�¬G79¯o¶£l«E5g:gDC¯l¨9F9F Û � ) �

Γ2 ≡=




λα2 iω +
p2

2m
− µ+ 2λ|α|2

−iω +
p2

2m
− µ+ 2λ|α|2 λ(α+)2


 .

��\¬G2gDGÀ4³l°g©N\2428«g¨G28Ò�¯W¨9F9¯/��ÇlÖ��6F|:4l¬9243HF9¨C5E©�@g»9«82
W
��¬97G28F9³W:82a¶G©9®QF9ºN²&°;¨G¸9¿9F924¨G5ED�l:g©9³l¨G´�µ)¸i287G79¯\D9©9¿GF928¨9¨G´�µ

²&°i¨9¸9¿9FGº�¬G2gDG°i»G58¯W3�3658«g79F9¿G°

(−Γ2)
−1 =

1

det(Γ2)




−λα+2 iω − p2

2m
+ µ− 2λ|α|2

−iω − p2

2m
+ µ− 2λ|α|2 −λα2


 = W2,

det(Γ2) = λ2|α|4 −
(
iω +

p2

2m
− µ+ 2λ|α|2

)(
− iω +

p2

2m
− µ+ 2λ|α|2

)

¸i28«g247G5E©�@k¸i58¸>F9³l:4¯Wl«g¨92G@�28¬97G¯o¶C¯lD9©9¯l«�¬97G28¬G58·\5g«g2479´�¶ 5g¨9¨924ºI3H2a¶C¯\DCF Û � ) = ��3H¯W¯l«8Y©>28ª4®�¯W¯N°;«8:8¯l7;L)¶C¯W¨9F9¯I�¤l3�=�ÆAÇ4@ÍMÈ��o@C»9«g2�¬92gDG±�l5N¬G2|»G58l«g28«E543�¬97G28¬G58·\5g«g247G5*28¬97G¯o¶C¯lD9©9±h«�l¬9¯l¸G«g70:824³lª4°4L)¶C¯W¨9F9º�:8¨G°;«879¯l¨9¨GFOµ�l«g¯l¬G¯l¨9¯Wº�\:428ª82a¶£´
\FC\«g¯a3H´�=C?�7G54lW365g«g79FG:45g¯a3H243�oDG°i»G58¯�¬92gDG±�&¬97924¬G5g·\58«g287G5)\2428«g:4¯l«8l«g:8°4¯l«)¨9°aDG±Â¶C¯W«g¯l7C3HF9¨G5g¨G«M5

det(−Γ2)
@G»G«g2

¶C2N²�5g³W28:428·l2Q¬9¯l7G¯\µ42a¶ 5 �
α = 0

�!¶£5g¯W«Q24¬9«gF9»9¯a\¸9FGº�l¬9¯l¸G«g7�@C5)¬92;oDG¯&¬9¯W79¯\µ;2a¶£5 �
α = µ/λ

� ��5g¸9°;\«gF9»G¯W\¸GF9º

ε(|p|) =
p2

2m
− µ,

²�5g³a5
A

ε(|p|) =

√
p4

4m2
+
µp2

m
≈
√
µ

m
|p|, ²�5g³W5

B.

"658Wl3H28«879FG3�03658¸97924l¸i28¬9F9»G¯W\¸i24º�«g28»9¸GF¢³l79¯W¨9FO©¢¨9¯W¸i28«g2479´%º�28ª4Ñ�¯W3¦LNFi¶C¸i24l«gF�@�¬97924«g¯l¸O5g±#®�¯Wº�:I¸O5g¬9FODG¹
D9©979¯�\2�l¸i28792;\«gÀ4±

V
=�P�287C3H2MLQ¯l¨GF9¯�:8©9³l¸i28º�LNFi¶C¸i2;\«gF�24ª8°4\DG28:8DG¯l¨G2�:4³W58FG3H2a¶C¯lºC\«g:4F9¯W3�\2�\«g¯W¨9¸O583HF�@�:I79¯l¹

³l°aDGÀE«E58«g¯�»9¯l·W2�l¸i28792;\«gÀÄ¨9¯l¸i24«g287924·l2Ä365g¸9792;\¸i28¬GF9»9¯Wl¸i28·l2Ä²&7G5g·a3H¯l¨9«E5�LNFi¶C¸i24l«gF°i3H¯W¨9À8Ò)5g¯W«8Y©ÊFÉ\«E5g¨G28:8FG«E¹
Y©¢7G58:8¨924º

V − v
@%5�:�LNFi¶C¸i2;\«gFÚ792ML)¶£5g±#«8Y©¢¸9:458³lF9»C58\«8F9¿9´â�28¬979¯\¶C¯\DC¯l¨9¨9´(3�:4´%Ò�¯�\¬9¯W¸9«g792;3Å:824³lª4°4L)¶C¯l¹

¨9F9ºk=HÜ&7GF�365EDG´�µIl¸;247924l«a©Oµ�F9³a3H¯l¨9¯W¨9F9¯�¸9F9¨9¯W«gF9»9¯a\¸i28º�¾l¨9¯W79·lFGFI:8´�¶C¯lDG¯l¨G¨928·W2028ª4Ñ�¯W365�LNFi¶£¸;2;\«gFÄ\2;\«E5g:8D9©9¯l«
MV 2/2 −M(V − v)2/2 ' MV v + O(v2) ' pV

@k·Y¶C¯
p = Mv

¹#FG3H¬9°aDGÀ;�²&7G58·W3H¯W¨9«E5�L*FO¶C¸i24\«8F�= �&³a3H¯l¨9¯W¨9F9¯
:8¨G°;«879¯l¨9¨G¯lºN¾l¨G¯l79·WF9FNLNFi¶C¸i24l«gF

∆U
¬97924FGYµ42a¶£F9«&³W5�l»9¯l«�°O3H¯l¨GÀ8Ò�¯W¨9FO©N¸9F9¨G¯l«gF9»G¯W\¸i24º|¾l¨9¯W79·lFGF|²&7G5g·a3H¯l¨9«E59@4«M=4¯4=

∆U ≤ pV
=GÕ�5�¨G°WDC¯l:824º�°i7924:8¯l¨GÀ�¾l¨G¯l79·WF9F�:428³Wª8°;L)¶C¯l¨9F9©|¸9:458³lF9»G54\«gFG¿�:N²�5g³W¯��ÂoDG¯\¶C°8¯W«Q:4´%ª87G58«gÀ�«828«M@O¸i28«g2479´%º

\2428«g:4¯l«8l«g:8°4¯l«*¸9:;5g³lFG»G58l«gF9¿9¯��¨9°aDG¯l:4´(3�FC3H¬9°aDGÀ4l243�@G«M= ¯8=£7G58Wl3658«g79F9:;5g«gÀN:4¸ODC5M¶�:N¾W¨9¯l7G·lF9±
ε(|p|) − ε(0)

� oD£5E¹
·\5g¯a3H28¯

µ
l2824«g:8¯W«8\«g:4°8¯W«N¾l¨9¯W79·lF9F�¨G5|:4¨9¯Wl¯l¨9FG¯�¸9:458³lF9»C58\«8F9¿9´É:�lFG\«8¯W3H°�F�@ 28»9¯W:8Fi¶£¨92G@C¨9¯�FG3H¯W¯l«�28«g¨924Ò�¯W¨9FO©0¸

\F9DG¯�«g79¯W¨9FO©��o=
§�D9©�LNFi¶£¸;2;\«gF�¶C2�²�5g³W28:428·l2%¬G¯l79¯lµ42a¶£5 � �28¬G«gF9»9¯a\¸9FG3�\¬9¯W¸9«g792;3 ��°4\DG28:4F9¯

∆U ≤ pV
l2824«g:8¯W«8\«g:4°8¯W«h28ª8DC58l«gF

\¬G¯l¸9«g7C5
[0, pM (V )]

� W3�=G79FG8= Í��o@C¨G5N¸i28«g247928º�:428³lª4°;LQ¶£¯l¨9F9¯�l2824«g:8¯W«8\«g:4°i±h®�F9µ�3H2a¶0:NLNFi¶C¸i24l«gF�¾l¨G¯l79·W¯l«gF9»G¯W\¸GF
:8´%·W2a¶C¨92C=;Ü&2;oDG¯&²�5g³W28:824·l2�¬9¯W79¯\µ;2a¶£5�¸O5879«gF9¨G5*l°;®Q¯Wl«g:8¯W¨9¨92Q3H¯W¨O©9¯l«4Y© � W3�=O79FG8=9Ô��o=9Pk¯l¬9¯W79À*¬979F

V ≤ V
KP

� l¸;28¹
792;\«gÀ�«g¯W»9¯l¨GFO©*L*FO¶C¸i24\«8F)¨G¯(:8¯lDGF9¸O5���:824³lª4°4L)¶C¯W¨9F9¯�:8¨G°;«879¯l¨9¨GFOµ)l«g¯l¬9¯W¨9¯lº|l:824ª82a¶C´I:&LNFi¶£¸;2;\«gF*¾W¨9¯l79·W¯l«gFG»9¯Wl¸9F
¨9¯W:8´%·l2a¶£¨92G@g¬G28¾l«8243H°)LNFi¶C¸i24l«gÀ�¬97G28«g¯W¸i58¯l«�:Q«g79°iª8¯#ª8¯l³h«g79¯l¨GFO©�=O<�´�28·W7G5g¨9FG»9FODGFGlÀ&¶C79¯W:8¯a\¨9´(3�¬979FGªgDGFOL)¯l¨9FG¯W3
¸0²&°i¨9¸9¿9FG28¨G5gDG°|Ï�¯\L*5g¨i¶£7G59@9¬G28¾l«8243H°�l°O3H¯\DGF�24¬9FGl58«gÀ*DGF9ÒQÀ|²&28¨924¨9¨9´%º�µ;587G5g¸9«8¯l7�\¬9¯W¸9«g7G5|:828³Wª8°;L)¶C¯l¨GF9º�¬G79F
365EDC´�µ&:42gDG¨G28:8´�µ�»9FG\DC5Eµ	� DCF9¨9¯lºG¨9´%º�°i»G54\«g24¸�\¬9¯W¸9«g7G5h¨G5(79FCg= Ô��o=l§�D9©�:4´%»9FGoDC¯l¨9FO©

V
KP

¨G¯l28ªMµ;2a¶CFG3�°i»9¯l«#¬9¯l«aDG¯l¹
:8´�µ�¬G28¬97G58:824¸�@M¬92a¶C7924ª8¨92;\«gF)3H2ML*¨G2�¬G24l3H24«g79¯W«gÀ&:QÆÓÇ\ÈÎ@E79¯l³W°aDGÀE«E5g«&Yµ4¯W3658«gF9»9¯a\¸9F)¬979FG:8¯o¶£¯l¨)¨G5�79FGg=gÔ�� ��.�4:.�$�$�*��
»G54\«gÀN\¬G¯l¸9«g7C5��o=
ë M

) � îoøMíïûMøMî � õ ��ð��_üïü�õ��_þ\ðMñMó��_í�õ�üïñMüïþ\í�õOö�ø����WîoøMíïûMøaî\õ0ñaøMþ\í�ðaó��YýEí�óoðMí�õ9í�ø [0, β] � úMîQ@ïþ\î\õ9ö�üïúMí �Mþ\ð�û��_üïþ\îoþ ω �EñMü �MðMíïþ\íïø
	�� îoîoþ �óoíïþ\ü�þ\ó_ö��÷RñMí!û��_üïþ\îoþ ��øMîoü�òMþ(ø��_ôïó��_øMñaí��
	������	���������������	 � �Eø����lî%úMðMñaóoí �Mí�øaøMîoí�øMñ(E"í!îQPoü~ö(E �EíïøMñMí"ü�úaí �aþlð ��óoîoô=P_ö2E �Mí�øañMùQþ\ðMíFP_ö\íïþúMíïðMí �\î ��� �høMíïúMðMíïð ��óoøMî\õOö&üïúMí �Mþ\ðaö � þ�	 í 	añMüïüïýMí �Mîoó��_øMñ ��øMñaô �lîoþ\í�õGúMíïð��_þoöWðMøMî �ïî(úMðMí �Eí~ý � β → ∞ 	ë �
) � �Eíïü�ÿ�ðMíïûMÿ%ñ��Eíïþ�î�óTPoí�üïúMíïþYýMí�óoî\õ|úMðMñ�P_ýEñ�E!íïøMñMñ �MýMò����� �!�"�� C ñaýEñ � ñaø���ûMí �ïîoóoîoð\òMþ � ��#%$%&'"��2G�úaðMîoú���� �_þ\îoðMîoó � �lîoþ\îoð ��í6îoúMðMí �

�Eí~ýMò���þ\ü�ò�õ��_þ\ðMñ�AMíïù W2
	�K �_úMî\õGøañEõ � úMî_ýEø ��í�úMðaîoú���� �_þ\îoð ��üïîoóoú���� ����þ*üïî)üïóoîQPoî �Eø���õ9ñ C �ïî_ý��kõGñ,G � îQPoü~ö2E � �_í�õ��kõGñ�ó §  � íïü~ýEñîoþ5PoðMîoüïñMþ\ÿ�ó �aý ���&óoô �_ñMõGî �EíïùMüïþlóoñWò
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"RFG8=CÍ "RFG8=CÔ

� � ��
��Q�N�����������0 �$���"�#-
Ø!DG¯W¸9«g79F9»G¯W\¸i24¯�\28¬G7928«gFG:gDG¯W¨9F9¯�3H¯l«E5gD9DG28:N24ª8°;oDG24:gDG¯W¨92�7G54ll¯\©9¨9F9¯a3�¶C:8FOLN°i®�F9µ;Y©�¾lDG¯l¸G«g7928¨G28:N¬97924:82a¶CFC3H2g¹

\«8F0¨G5N¸i2gDC¯lª458¨9FO©Oµ�¸G79FG\«E5gD9DGF9»9¯a\¸i28º�7G¯lÒ�¯W«g¸9F�=��&³l:4¯Wl«g¨92G@G»9«g2|¬97GF0¨9F9³W¸9FOµ�«g¯W3H¬9¯W7G5g«8°;7C5Eµ�:|3H¯l«E5EDGDC5Eµ�FG3H¯l¯W«
3H¯Wl«g2�©9:8DG¯l¨9FG¯h\:4¯l7;µO¬97928:42a¶CFG3H2;\«gF�=���¯l¨G243H¯l¨G2gDG24·lF9»9¯a\¸9FG¯%«g¯l2479F9F0ÆÓÇoÈC°i«g:4¯l7;L)¶£5g±#«M@8»9«g2�¶GD9©N¬92M©9:gDC¯l¨9FO©N\:4¯l7;µi¹
¬97924:82a¶CFC3H24\«8F0¨9¯l24ªMµ42a¶CFC365N\FODC5�¬979F9«a©OL)¯l¨9FO©�3H¯\L)¶C°�¾\DC¯l¸9«g7G28¨G543HF�=��&«828ª8´É24ª8Ñ�©Gl¨9F9«gÀC@G¸O5g¸�:8³W58FG3H2a¶C¯WºG\«g:4F9¯
&¸i2gDG¯Wª458¨9FO©G3HF�7G¯lÒ�¯W«g¸9F�3H2MLQ¯W«*¬979F9:4¯W\«8F�¸�¬97GF9«a©OLQ¯l¨GF9±É2a¶C¨924FG3H¯l¨9¨G2)³a5g7;©OLQ¯W¨9¨9´�µ|»G54\«gFG¿ �Å¾lDG¯l¸G«g7928¨G28: �
¨G543�¬97GFi¶C¯l«4Y©�¬97G28F9³W:8¯Wl«gF�¸9:458¨9«g28:;5g¨9FG¯#:428³W3H°i®Q¯l¨9F9º�:*¸979FGl«E5ED9DC5gµ�=
�#ª824³l¨G5M»GFG3I»9¯W79¯l³ −→ϕ j

:4¯l¸9«g247�28«g¸ODC28¨9¯W¨9FO©
j
¹�·W2|5g«g2;365*79¯lÒQ¯l«g¸9F�24«N¬92gDC2MLQ¯l¨GFO©�7G58:8¨924:8¯a\FO©£Û � ) �9F9¨G´(3HF�oDG28¹:4543HF −→ϕ j

¹ � . � & 0�& � . ��-/* 	�+ +�79¯lÒQ¯l«g¸9Fk=�Ðh7G58:8¨9¯W¨9FO©�¶C:4FOLQ¯W¨9FO©�79¯lÒQ¯l«g¸9F�FG3H¯W±h«�:8Fi¶ m∂2
t
−→ϕ j = −∑k Vj,k

−→ϕ k

=
<�´¦28·l7C5g¨9F9»GFODGFGlÀ�·\5M°;ll28:8´(3�¬G79F9ªgDCFOLQ¯W¨9F9¯W3�@�\»9F9«E5g©�¸i2gDG¯Wª458¨9FO©�79¯WÒ�¯W«g¸9F>365EDG´(3HF ��¸i5gL)¶C´%º�¾\DG¯a3H¯l¨9«�365g«g¹
79F9¿G´

Vj,k

� 28¬G79¯o¶C¯lD9©9±h®QF9ºÄ:8³W58FG3H2a¶C¯WºG\«g:4F9¯
j
¹Î·l2>58«g24365�

k
¹�«g´(3 �N¬92a¶C7G58³l°O3H¯l:;5g¯l«4Y©�365g«g79FG¿9¯lº�Ô��9ÔG@Hl:8¯W79¨9°;¹

«g24ºÄ�«g79¯lµO3H¯W79¨9´(3¦:8¯W¸9«g287G243 −→ϕ k

=\�#»9¯l:4Fi¶C¨9´(3�l:824ºG\«g:4243�lFG\«8¯W3H´Å©9:8D9©9¯l«4Y©�«g7G58¨GoD9©9¿GF928¨9¨C5E©�FG¨9:45879FG5g¨G«E¹
¨92;\«gÀ���:42g¹Î¬9¯l7G:8´�µ�@R¶£¯lºGl«g:8°i±h®)5E©Ú3H¯lL)¶C°Ê5g«82436583HF\FOD£5�³a5g:8FC\F9«�DGF9Ò�ÀÄ28«Ä7G54l\«82M©9¨9FO©Ê3H¯\L)¶C°Ê¨9FG3HF�@(«M=%¯4=
Vj,k = Vk,j = V j−k

@�5I:42g¹Î:8«g2479´�µ�@R°i7G5g:4¨9¯l¨GF9¯�¶C:4FOLQ¯W¨9FO©¢¨9¯�3H¯l¨O©9¯W«8Y©¢¬979F�¶C:8FG·l¯ −→ϕ k → −→ϕ k + a−→n �
a
¹

¬92;\«g2M©9¨9¨C5E©¢79¯WÒ�¯l«8¸9F�@ −→n = −→x ,−→y ,−→z �á2a¶CFG¨ÊF9³�«g79¯lµÊ¯o¶CFG¨9F9»9¨9´�µÚ2879«g24:G@�28ª47G5g³W°;±#®�FOµ�79¯WÒ�¯W«g¸9° �o@%¬924¾l«g28¹
3H° ∑

k Vj,k
−→n = 0

= �Å°i7G58:8¨9¯W¨9F9¯Q¶C:8F9LQ¯l¨GFO©�@�F�°;¬G243�©9¨9°i«g´%¯N\:428ºGl«g:45�¸i28¾a²�²&F9¿9F9¯W¨9«g28:
V
3H2MLN¨92�³W58¬9FGl58«gÀ�:

»G54\«g24«g¨92g¹ÎFG3H¬9°aDGÀ;\¨92;3I¬97G¯o¶£l«M58:gDG¯W¨9F9F�@C\28:4¯l79ÒQF9:)¬979¯l24ª87G58³l24:45g¨GF9¯L��°i79À8¯�¬92*:479¯W3H¯W¨9F�F�°i³\D£583�79¯lÒQ¯l«g¸9F Û � ) �

mω2−→ϕ (p) = Ṽ (p)−→ϕ (p) Ṽ (p)−→n |p=0 =
∑

j

Vj,k
−→n = 0,

��Ç(!��

¬92a¶C7C5g³l°O3H¯W:45g¯W«8Y©�@G»G«g2
Ṽ (p)

@�¸O5g¸0F
Vj,k

@£©9:gD9©9¯W«8Y©�3658«g79F9¿9¯Wº�Ô��OÔG=£Ü&7GF�¾l«8243�°i7G58:8¨9¯W¨9F9¯�¶£:8FOL)¯l¨9FO©�7G5g³W79¯lÒQFO¹
3H2G@C¯W\DGF

mω2(p)
�Sl28ª4l«g:8¯W¨9¨9´%¯�»9FCoDC5|3658«g79F9¿G´

Ṽ (p)
= Ü&79F

p = 0
:4\¯Q\28ª;\«g:4¯l¨9¨G´%¯�:8¯l¸G«g287G5*¾W«g28º03658«g79F9¿G´

� 2479«g´S79¯lÒQ¯l«g¸9Fk@6¸i58¸�¾W«g2�:8Fi¶C¨G2�F9³�:4«g287924·l2�°;7C5g:8¨G¯l¨9FO© �ïÇ(!��=�)\2428«g:4¯l«8l«g:8°i±#«�¨9°aDG¯W:8´(3�l28ª;\«g:4¯l¨9¨9´(3�³l¨G5M»9¯l¹
¨9FO©G3�@�¬G28¾l«8243H°

ω|p=0 = 0
=��&«E58¸�@ :�24ªgDC54\«gF�365EDG´�µ

p
l¬9¯l¸9«87�lFG\«8¯W3H´�24¬9FGl´%:45g¯W«8Y©0«g79¯a3�©�²&24¨928¨9¨G´(3HF�3H2g¹

¶£543HF
ωα(p) = uα|p|

@�·Y¶C¯
α = x, y, z

��«g79F>¬G587G583H¯W«g7G5
uα

��\¸i287G24\«8F�³W:8°i¸O5;Û 	 ) @�28¬G79¯o¶C¯lD9©9¯W3H´%¯NFG³N°;7C5g:8¨G¯l¨9FO©
det(mω2

αI − Ṽ (p)) = 0
�
I
��¯\¶CF9¨9F9»G¨G5E©�365g«g7GF9¿G5��\=

�#¬9FGW5g¨9¨G°;±IlFG\«8¯W3H°�·\5g7G3H24¨9F9»9¯a\¸9FOµ�24l¿9FOD9D9©9«8287924:%«g7G5M¶£F9¿9F924¨9¨92%¸9:;5g¨9«g°i±#«a@W:8:42a¶G©#24¬9¯l7G58«g287&¬928D9©�FG3H¬9°aDGÀ8¹
l5
π̂
@i¸i58¨928¨GF9»9¯Wl¸9F�l28¬97;©OL)¯l¨9¨9´%º�¸�28¬G¯l7G58«g2879°N¬G2gD9©N¶£¯W²&287C365g¿9F9F

ϕ̂
=9Ü&2;\79¯\¶£\«8:8243�¾W«gFOµ|¬928DG¯lº�·\583HFODCÀE«g28¨9FC5g¨

ë 
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	��6ýMò Poî_ýEíïí&ü~ýEîNE�ø � �þ\ñMúMîoó�ðMí �Rí�þ\î �|úMî ��öWô~ýEî\õ�ðMí �Ríïþ �añ�ü~ýEí �Mö\íïþ*úaîoøMñEõ �_þlÿ�úMî_ýEî=E!í�øañMí @~ýEí�õGíïøMþ �_ðaøMîoù�òaûMíïù �Mñ � úMðMñ	@ïþ\î\õ�ó�üïúMí �Mþ\ðMí�óoîoôFP_ö2E �EíïøMñMùúMî�òMó_ýMò���þ\ü�ò&îoúaþlñaûMíïü �añMí!õGî ��� 	ë �
) úMðMñ @ïþlî\õNüïúMí �Mþ\ð�ñMõGúaö�ýEÿoüïîoó%î �ïð��_øMñMûMíïø�ð��_ô�õ9íïð��oõGñ�úaí�ðaóoîoù&ôïîoø ��� ð ��ýaýEñMíïø���îQPoð��_þ\øMîoù#ðMí �!íïþ��Mñ
	ë �
) �HüïúMî_ýEÿoôïîoó��_øMñMí%ôïó_ö�Wîoóoî �ïîhúMðMñ�P_ýMñ�E!í�øañaò �aýMò�üïúMí �Mþ\ð��%óoîoôFP_ö(E �EíïøMñaòQðMí �!íïþ��Mñ�üïúMð��_óoí �MýEñaóoî�úMðMñ�ñMõGúaö�ýEÿoü ����øMí!úMðMíïó � � ��� �÷Rñ��#ñEõGúWöYýEÿoü��RíFP��Yò pD C îQP�ñMøaþlíïðMúaî_ýMò�AMñaîoøMøMîoù HHîoðEõOöYýMí	�RíFP��Yò&ü�õ 	 � ø��_úaðMñEõ9í�ð � W 
=Y G





\FC\«g¯a3H´3H2ML)¯l«*ª8´%«gÀ*³a5g¬9FGW5g¨�:*:8Fi¶C¯

Ĥ =
∑

j

π̂2
j

2m
+

1

2

∑

j,k

ϕ̂jVj,kϕ̂k,

5*\2428«g:4¯l«8l«g:8°i±h®Q¯l¯#¶C¯WºG\«g:4F9¯#¶GD9©�\«E5g«8FG\«gFG¸9F�¶C¯W²&247G365g¿GF9º �

Sϕ =

∫ β

0

dt
∑

j

(
i−→π j(t)∂t

−→ϕ j(t) +
−→π 2

j (t)

2m
+

1

2

∑

k

−→ϕ j(t)Vj,k
−→ϕ k(t)

)
.

Ü&24\DG¯(·\5M°;l\24:824·l2�F9¨9«g¯W·l79F97G28:458¨9FO©|¬92Q¬92gDC± −→π :�:4´%7G5EL)¯l¨9F9F ∫ D−→π D−→ϕ exp(−Sϕ)
@424¬9FG\´%:;5g±#®�¯W3�l«M58«8\°O363H°

\2428«g:4¯l«8l«g:8°i±#®�¯lº�\«E58«gFG\«8F9»9¯Wl¸i28º�\FGl«g¯W3H´�@9¶C¯lºGl«g:8FG¯�¬G79¯l24ª87G58³l°8¯W«8Y©�¸�:8FO¶C°

Sϕ =

∫ β

0

dt
∑

j

(
1

2
m∂t

−→ϕ j(t)∂t
−→ϕ j(t) +

1

2

∑

k

−→ϕ j(t)Vj,k
−→ϕ k(t)

)
.

�¤Í ���

1&2gDC¯lª458¨9FO©�7G¯lÒ�¯W«g¸9F�¶£¯lºGl«g:8°i±h«N¨C5*¾\DG¯W¸9«g7924¨9´�@G:4´%³l´%:45g©�:|lFG\«g¯a3H¯�¸i2gDG¯Wª458¨9FO©�¬9DG28«g¨G24\«8F0\:g©9³a5g¨9¨G´�µ�³W5g¹
7;©i¶C28: Û � ) =9?�\¬92;3HF9¨G5g©�¸ODC54l\FG»9¯Wl¸9°i±Ú¾lDG¯l¸9«8792a¶CF9¨G543HF9¸9°4@93H2ML*¨G2Q¨G58¬9FGW5g«gÀ�¶GD9©�¬92gD9©97GF9³W58¿9F9F −→

P (p) = ρp
−→ϕ (p)�

ρp
¹R¬ODC28«g¨92;\«gÀ*³a5g7;©i¶£5Q79¯lÒQ¯l«g¸9F��o@G«828·Y¶£5Q¬ODG24«g¨924l«gÀN\:8©9³W5g¨G¨928·W2Q³a5g7;©i¶£5Q28¬979¯\¶C¯\DG©9¯l«8Y©�«a=G¨�= � .�$ .�$�$�� - � . � &F-

−→
φ i = − ����� −→P i = −ρp ����� −→ϕ i

@�FODGF�@�:�FG3H¬9°aDGÀ;\¨92;3¢¬97G¯o¶£l«M58:gDG¯W¨9F9F�@
φ(p) = i(p−→ϕ (p))

√
m
� :�¬G24oDC¯o¶C¨9¯a3¢7G58:8¯W¨O¹

\«8:8¯&3H´Ê¬9¯W79¯l24¬979¯o¶£¯\DGFODCF�²&24¨928¨9¨G28¯h¬G2gDG¯4@;7C58\«a©9¨9°i:)¯l·W2�¨G5)¸i28¨Gl«E5g¨9«g° √
m/ρp

@4¶GDG©�°W¶C28ª;\«g:;5�:)¬924\DG¯o¶£°;±#®�FOµ
²&287C3H°WD£5Eµ �o=GÜ&¯W79¯l¬GFG\´%:;5E©�¶C¯lºGl«g:8FG¯ �¤Í
����:NFG3H¬9°aDGÀ;\¨92;3Ä¬979¯o¶ \«E5g:8DG¯l¨9FGF�F�:8´%7G5gL)5E©�¬92gDC¯&¶C¯W²&247G365g¿GF9F�»9¯l79¯W³
²&28¨G28¨9¨924¯#¬G2gDG¯4@9&°;»G¯l«g2;3�:;\¬92;3H28·\5g«8¯\DGÀ4¨928º�²&247G3H°aDG´ ∑

j
−→ϕ 2

j =
∫
dp/(2π)3−→ϕ (p)−→ϕ (−p)

@G¬92gDG°i»9FC3

Sφ =

∫ β

0

dt

∫
dp

(2π)3
1

p2

(
1

2
∂t
−→
φ (p, t)∂t

−→
φ (−p, t) +

1

2m

−→
φ (p, t)V (p)

−→
φ (−p, t)

)
.

�¤ÍOÇ��

B�5gºO¶C¯W3�²&28¨924¨9¨9´%º�¬97928¬C5g·\5g«8287
G
3H2a¶C¯lDGF�#¶ 5g¨9¨9´(3>¶C¯lºC\«g:4F9¯W3�:N»G58l«g28«8¨92g¹ÎFG3H¬9°aDGÀ;\¨92;3I¬979¯\¶£\«E58:gDG¯W¨9F9F �

1

p2

(
− ∂2

∂t2
+
Ṽ (p)

m

)
G (p, t, t′) = δ(t− t′) ⇒ G (p, ω) =

p2

u2p2 + ω2
.

�¤Í8Í��

Ü&24l¸i2gDGÀ4¸9°&¾\DG¯W¸9«g7924¨Q©9:8D9©9¯l«4Y©)²&¯l7C3HF928¨92;3�@g5g¨GW583Hª8DG±�«M58¸9FOµ�»C58\«8F9¿N\2824«g:8¯W«8\«8:8°8¯W«�²&°i¨9¸G¿9F928¨C5EDGÀ4¨9´%º�F9¨9¹
«g¯W·l7G5gD�¬G2)·W7G58Wl3658¨928:4´(3 � 58¨9«gF9¸i2;363H°;«8F979°i±h®QFG3 ��¬9¯W79¯W3H¯W¨9¨9´(3

ψ+
l

@
ψl
@GF9¨i¶C¯W¸i

l
¨9°O3H¯W79°8¯W«)¬G7928¯W¸9¿9F9±�l¬9F9¨G5G=

Ø!DG¯W¸9«g7924¨O¹Î²&24¨928¨G¨928¯):8³a5gFG3H2a¶C¯WºG\«8:8F9¯*3H2MLQ¯W«�ª4´%«gÀ�28¬9FGW5g¨92�:4³W5gFC3H2a¶C¯lºGl«g:8FG¯W3�¬ODC28«g¨92;\«gÀ8¹�¬9DG28«g¨G24\«8À Û � ) @�«M=�¯4=¶C24ª45g:4¸i28ºN¸�¾l¨9¯W79·lF9F�»ODG¯W¨G5 ∫
dxdyψ+

l (x)ψl(x)K(x− y)φ(y)
@C·Y¶£¯

K
¹R¬928«g¯W¨9¿9FG5gD�:4³W5gFC3H2a¶C¯lºGl«g:8F9©�¾\DG¯W¸9«g7924¨928:

�¬92gDC¯W3�l:g©9³a5g¨9¨9´%º�³W587;©i¶C28:C=;P�5g¸�¸O5g¸�\FGl«g¯W365)¾\DC¯l¸9«g7GF9»9¯Wl¸9F�¨9¯lºG«g7G5EDCÀ8¨G5G@O:)¸O5M»9¯a\«g:4¯#¾W«g28·W2Q¬G28«g¯W¨9¿9FG5gDC5*oDG¯l¹
¶C°4¯l«�:4³\©9«gÀ)¨9¯�¸9°aDG28¨G28:4l¸i28¯h:4³W58FG3H2a¶C¯lºC\«g:4F9¯8@i5�¸i247928«g¸i2a¶C¯WºG\«8:8°i±h®QF9º|¬924«g¯l¨9¿GFG5ED�§�¯lª45g©O¹ �#±h¸9¸i¯lD9©I� W3�=�Æ �WÈ��o=9?
¶£58¨9¨928ºN7C5gª824«g¯h3H´�:424\¬G2gDGÀ4³l°8¯a36Y©Q¯W®�¯hª42gDG¯W¯(¬9792;\«g´(3�¬G79F9ªgDCFOLQ¯W¨9F9¯W3�DC28¸O5EDGÀ4¨928·W2&:8³W58FG3H2a¶C¯WºG\«g:4FO©�@4l2824«g:8¯W«E¹
\«8:8°i±h®QFG3�¨G°WDC¯l:82;3H°|7G5E¶CF9°4l°|:8³a5gFG3H2a¶£¯lºGl«g:8FO©|§�¯lª45g©O¹ �#±h¸9¸i¯lD9©�@i«a=C¯8=O¨G58¬9F9ÒQ¯W3

K = gδ(x − y)
=

�&«E5g¸�¶C¯lºC\«g:4F9¯8@9°i»9FG«g´%:458±h®�¯W¯&¾\DG¯W¸9«g7924¨O¹Î²&24¨928¨G¨928¯�:8³a5gFG3H2a¶C¯WºG\«8:8F9¯4@O:8¸ODG±#»G5g¯W«*»ODG¯l¨G´�@G\2428«g:4¯l«8l«g:8°i±h®QF9¯
\:428ª42a¶C¨9´(3>¾lDG¯l¸9«87928¨G543IF�²&28¨G28¨G543�@95Q«E58¸OLQ¯&:8³a5gFG3H2a¶£¯lºGl«g:8F9±É3H¯lLQ¶£°�¨9FG3HFk@9«M=9¯8=9FC3H¯l¯l«*:4Fi¶

Sβ = ψ+
l

( ∂
∂t

− ∆

2m
− µ

)
ψl + Sφ(φ) + gψ+

l ψlφ,

·Y¶C¯
Sφ(φ)

¬979F9:4¯o¶C¯W¨92>: �¤Í9Ç��\=!?�´%¬92gDG¨GF9:>:I\«E5g«4\°O363H¯�·\5M°;l\24:82�F9¨9«g¯W·l79F97G28:458¨9F9¯�¬92�¬92gDG±
φ
@�¬92gDC°;»GFG3�¶GD9©

\FC\«g¯a3H´Ú¾lDG¯l¸9«87928¨924:Q¶C¯lºGl«g:8FG¯�:):4Fi¶C¯

S = ψ+
l

( ∂
∂t

− ∆

2m
− µ

)
ψl − λψ+

l ψlGψ
+
l′ ψl′ ,

�¤ÍgÔ��
ë��

) � î_ýEí�üïó_òMô �_øMø � ��ô �_ð\ò��Eîoó|üïîoüïþlîoñaþ�ñaôQúMî_ýaò �_þ\î\õGøMîoù�ðMí �!íïþ��Mñ�ñ�ð��_óoøaî\õGíïðMøMî��~ð��_ô�õ �_ô �_øaøMî �ïî��"îoþ\ðMñ�A �_þlí~ýEÿoøaî ��î�ô �_ðlò� � �þ ���lî �ïî � ûMþ\î�ü~öaõCõ �_ðMø ��ù&ô �_ð\ò���üïñMüïþ\í�õ ��ð��_óoíïø&øWöYý��ë�	
) K �_úMî\õ9øMñEõ � óoí~ýEñMûañMø�� ψ+

l
(x, t)ψl(x, t)

ñMõGíïíïþ6ü�õ ��ü~ý%úaýEîoþ\øMîoüïþ\ñ�ð �_ü�úaðMí �Eí~ýEíïøMñaòR@~ýEí �Mþ\ðMîoøMîoó
	\óHüïóoî ��îoûMíïðMí �Eÿ � HHîoøMîoøMøaîoí�úMî_ýEí
� �_ð����Mþ\íïðMñMô~ö\íïþ(úaýEîoþ\øMîoüïþ\ÿ�üïó_òMô �_øMøMî �ïî(ô �_ðlò� �

!



³o¶£¯W\À
G
�|28¬9FGW5g¨9¨G´%º�:4´%Ò�¯&¬97924¬G5g·\58«g287�²&28¨924¨928:C@

λ = g2 =Ì":8¯W7;µi¬G7928:42a¶CFG3H24l«gÀ*FG3H¯l¯W«�3H¯a\«g2�¬979F�¨GF9³l¸9F9µ�«8¯W3H¬9¯W7G5g«g°i7G5gµ � ¸�:4´(\24¸;24«g¯W3H¬G¯l7G58«g°i79¨928º0l:8¯W74µO¬97G28:82a¶£FG3H2g¹
\«8F¢¨G5gÒQ¯�24¬9FGl58¨9F9¯0¨G¯l¬979FC3H¯l¨9FG3H2#�o@�¸i28·Y¶£5�¬G7928:42a¶CFG3H24l«gÀ>28¬G79¯o¶C¯lD9©9¯l«4Y©¢¾\DG¯W¸9«g7924¨G583HF¢:4ªgDGFG³lF�¬924:8¯l7;µO¨92;\«gF
��¯l7G3HF��¾W¨9¯l7G·lF9¯Wº

EF
F�FG3H¬9°aDGÀ;\2;3

pF
=�Ü&28¾W«g243H°�¬97GF�7G54ll¯\©9¨9F9F�«M58¸9FOµ0¾lDG¯l¸9«87928¨924:N¶C7G°;·)¨G5|¶C79°i·l¯Q¬924l79¯o¶C¹

\«8:8243�24ª43H¯W¨G5(²&28¨G28¨92;3%� »9«g2�F�28¬9FC\´%:458¯l«8Y©�»ODC¯l¨92;3�:8³W58FG3H2a¶C¯WºG\«g:4FO©
ψ+ψGψ+ψ

��¬97G58¸9«gF9»9¯a\¸9FQ¨9¯!¬G7928FGYµ;2a¶CF9«
¬9¯W79¯o¶£5M»GFQ¾W¨9¯l79·WF9F�@Eµ;28«a©�FG3H¬G°WDCÀ4�¾\DC¯l¸9«g7G28¨G5&3H2MLQ¯W«&³l¨G5M»9FG«g¯\DGÀ4¨92�F9³W3H¯W¨9F9«gÀ�l:828¯�¨G58¬97G58:gDG¯W¨9F9¯8@M«E5g¸)»9«g2�:4¯l¸9«8287
F9³a3H¯l¨9¯W¨9FO©�FC3H¬9°aDGÀ4W5

δp
\24¯o¶CFG¨O©9¯l«�¶C:8¯�¬97924F9³l:42gDGÀ4¨9´%¯h«828»9¸9F�¨G5*l²&¯W79¯ ��¯W7G3HF�Fk@9oDG¯\¶C28:;5g«g¯lDGÀ8¨92C@8°W¶C24:gDG¯W«g:828¹

7;©9¯l«�l2824«g¨928ÒQ¯l¨9FG±
0 < |δp| ≤ 2pF

=£?Â\:g©9³WF0�¾l«8FG3�:|¬97G28¬G58·\5g«g2479¯�²&28¨924¨9¨924·l2*¬92gDG©
G
��Í8Í��%3H2MLN¨92�\»GF9«E5g«gÀC@

»9«g2&:4¸ODC5M¶)¬9¯l79¯\¶£5g¨G¨928·W2hFG3H¬9°aDGÀ;l5
u|δp| 3H¨G28·l2�ª828DGÀ8ÒQ¯R:8¸9DC5M¶£5#¬9¯W79¯o¶£58¨9¨924º�¾l¨G¯l79·WF9F iω ≡ δE

=��#«8l±�¶£5#\DG¯o¶£°8¯l«M@
»9«g2

G ≈ 1/u2 �N¬92gDC2ML*FG«g¯\DGÀ4¨G5E©|¸i24¨G\«E5g¨G«M5G@i»9«g2*\2824«g:8¯W«8\«8:8°8¯W«�¬97GF9«a©OLQ¯l¨GF9±Â¾\DG¯W¸9«g7924¨928:C=OÕ�583H¯l«8FG3�@O»9«g2*¬979F9¹«a©OLQ¯W¨9F9¯|»G54\«gFG¿>:�¶£5g¨G¨9243oDG°i»G58¯N¨9¯|¬97G28«gF9:42879¯W»9F9«0l°;®Q¯Wl«g:824:45g¨GF9±Å\«E5g«8FG\«gFG»9¯Wl¸9F>7G5g:4¨928:4¯Wl¨928º�\FGl«g¯W3H´�@
¬92;\¸i2gDGÀ4¸9°�³W5g¬G79¯l«�Ü�5M°WDCF�¬928³W:82gDG©9¯l«:
loDGF9¬C5g«gÀ;Y©�
RDCF9Ò�À(¶C:8°O3�¾\DC¯l¸9«g7G28¨G5430!¬G7928«gFG:828¬G2gDG2MLN¨92%¨G58¬97G58:gDG¯W¨9¨9´(3HF
\¬GF9¨G583HF �;:4³W58FG3H2a¶C¯lºC\«g:4F9¯#3H¯lLQ¶£°|¾\DG¯W¸9«g7924¨G583HF�h2a¶£F9¨G5g¸i24:8´(3HF�l¬9F9¨G543HF%�

l = l′
�"28«8l°;«4\«g:4°8¯l«Q:4\DG¯o¶£l«g:8FG¯#5g¨9¹

«gF9¸i2;363H°;«E58¿9F9F)¬9¯l79¯a3H¯l¨9¨G´�µ =gÜ&28DG°i»9¯l¨G¨9´%¯!¬924¬G5g7G¨92#¬G79F9«a©9·lF9:;5g±#®�F9¯aY©�¾\DG¯W¸9«g7924¨9´�¨G58³l´%:;5g±h«4Y©�¸9°i¬9¯l7924:4l¸9FG3HF
¬G587G583HF�@CFOµ0\:8©9³W5g¨G¨928¯�l24\«82M©9¨9F9¯ ��°;LQ¯�ª828³W28¨9¨C5E©�»G58l«gF9¿G5G@G«E5g¸�»9«82��¨9¯W¸i28«g247928º0l«g¯l¬9¯W¨9À8±¦«g28»G¨924l«gF03H2MLN¨92
\¸O58³W5g«8ÀG@i»9«g2|l:8¯l7;µO¬97924:82a¶CFC3H24\«8À/�Å¾l«82*l:8¯W74µO«g¯W¸9°i»9¯Wl«gÀ*¸9°i¬9¯l7G28:4l¸9FOµ|¬G587�=
�#¬9F9ÒQ¯W3É¾W«g28«�¬97G28¿9¯al�ª82gDC¯l¯�¶C¯l«E5EDCÀ8¨92C= �#¬GFGl58«gÀ�©9:4¨92�²�58³l24:8´%ºI¬9¯W79¯\µ;2a¶Ä:�¬9¯l7G¯W3H¯l¨G¨9´�µ

ψ+ @ ψ «g¯a3�L)¯\¬G24\24ª82;3�@£»G«g20F�¬979F�FGWoDG¯\¶C28:;5g¨9F9F�\:4¯l7;µO«g¯l¸G°;»G¯W\«8F�¨G¯N°l¶ 5g¯l«4Y©�@�¬928«8243H°�»G«g2�:8:42a¶CFG3H´%¯*:�²&°;¨G¸9¿9F924¨G5EDGÀ4¨9243
¬979¯W28ª47G5g³W28:458¨9F9F&Ï�¯\L*5g¨i¶£7G5%¬928D9©

α
@
α+ 24ª87G58®Q5g±#«8Y©&:(¶£58¨9¨92;3�oDG°i»G58¯!:h¨G2gDGÀ�� αψ =< ψ >= αψ+ =< ψ+ >= 0� ¶£¯\DG2�:�«g243�@6»9«82�¾W«g2�·l7G54ll3658¨928:4´�:8¯lDGF9»9F9¨G´�@R\79¯\¶C¨9F9¯�28«�¨9FOµ�¨G¯�3H24·l°i«�ª4´%«gÀ�:8´%7G5gLQ¯W¨9´�»9¯l7G¯l³�28ª4´%»9¨9´%¯

¸i24363H°i«gF97G°;±#®�F9¯%:4¯\DGFG»9F9¨9´
m
@
µ
@
g
¬979FGl°i«8\«g:4°i±h®�FG¯%:(¶C¯WºG\«8:8F9F �8·l7G54ll3658¨928:4´�LQ¯�¬9¯W79¯W3H¯W¨9¨9´%¯T�ÉFG\«g24»9¨9F9¸GF

A+ @ A �¦\DG¯o¶C°4¯l«&¬928DG2MLNF9«gÀ�7G58:8¨9´(3HFN¨9°aDG± �o=iÜ&28¾W«g243H°�:;3H¯Wl«g2�²&°i¨9¸9¿9FG28¨G5gDGÀ8¨924·l2�¬979¯W28ª87C5g³l24:458¨9FO©�Ï�¯lL)5g¨O¶C7G5:82;\¬928DGÀ8³W°8¯a36Y©|°;7C5g:8¨G¯l¨9F9¯a3�§Q58ºG\24¨G5 �¤l3�=�Æ ÍMÈ��o=C?�2a¶C¨924¬9¯l«aDG¯W:8243I¬979F9ª8DGFOLQ¯W¨9F9F�\¬G7G5g:4¯o¶GDGFG:82*\2824«g¨924Ò�¯l¨GF9¯

G−1 + λ = G−1
0

�¤ÍEÖ#�
·Y¶C¯

G0
�|l:824ª82a¶C¨9´%ºN¬G7928¬G58·\5g«g247�@;28¬979¯\¶C¯\DG©9¯W3H´%º�¸9:45E¶C7G5g«8F9»9¨924º�»G54\«gÀ4±¢¶C¯WºG\«8:8FO©<�¤ÍgÔ��o@

G
�I
o2a¶£¯l«g´%º�
�¬G7928¬G5g¹

·\5g«8287)«g¯l2479F9F�@g¬G¯l«aDG¯l:;5E©�¶CFG5g·W7G5836365�: �¤ÍgÖ���28ª428³W¨G5M»G5g¯W«h¬97G28¬G58·\5g«g247�¬979FNl28:8¬C5M¶£58±h®�F9µ�5g79·W°i3H¯W¨9«E5Eµ
G(x, t,x, t)

=
Ì":824ª82a¶C¨G´%º|¬97924¬G5g·\58«g287�«g¯l2479F9F�28¬97G¯o¶C¯lD9©9¯l«8Y©�365g«g7GF9¿9¯lº�:4«g2879´�µ|¬G7928F9³W:82a¶C¨G´�µ�\:824ª82a¶C¨G28º|»G54\«gF�¶C¯WºG\«g:4FO©  � )�¤Í8Ô��5�

G0 =

(
< ψ+ψ+ > < ψ+ψ >
< ψψ+ > < ψψ >

)
,

< ψ+ψ >= δl,l′(iω + p2/(2m)− µ)
< ψψ+ >= δl,l′(iω − p2/(2m) + µ)
< ψ+ψ+ >=< ψψ >= 0

�#¸O5g³W´%:45g¯W«8Y©�@�3H2MLN¨92�¬92;\«g7924F9«gÀ�¶£:45�79¯WÒ�¯W¨9FO©>°i7G5g:4¨9¯l¨9F9©�§Q58ºG\24¨G59=kÜ&¯W79:824¯ � 
o¨G287G365gDGÀ8¨924¯�
!79¯lÒQ¯l¨9FG¯ �
¸i28·Y¶£5#¬928DG¨9´%º�¬G7928¬G58·\5g«g247�FG3H¯W¯l«&¨9°aDGF)¨G5h¶CFG58·l28¨C5ED9©Oµ�@E5h:4¨9¯o¶£FG5g·W28¨G5gDGÀ8¨9´%¯"¾\DG¯a3H¯l¨9«8´�24«WDCF9»G5g±#«8Y©Q24«�l2824«g:8¯W«E¹
\«8:8°i±h®QFOµ�¾lDG¯W3H¯W¨9«g28:

G0
¨9¯l¸i28«82879´(3HF�¬924¬97G5g:4¸O583HF�¬92N¬G5g7C583H¯l«879°

λ
@G¨G5gµ42a¶CFC3H´�µ�:*7G583H¸O5Eµ�«g¯l2479F9F�:824³W3H°i®�¯l¹

¨9F9ºk=i?�«g247928¯4@;58¨924365gDGÀ8¨G28¯%79¯WÒ�¯l¨GF9¯8@;¸i28·Y¶£5�¬G2gDG¨9´%º�¬97924¬G5g·\58«g287N¬97GF928ª479¯l«E5g¯W«�«E5g¸OL)¯h¨9¯W¨9°aDG¯l:4´%¯%¶CFG58·l24¨G5EDGÀ4¨9´%¯
¾\DC¯W3H¯l¨G«g´

< ψ+
l ψ

+
l′ >

F
< ψlψl′ >

= ��l\DG¯o¶£°8¯W3Â¾W«g28«�79¯\LNFG3�=6Pk58¸�¸O5g¸>°i7G58:8¨9¯W¨9F9¯I��ÍEÖ#��3H´�ª8°W¶C¯a3Â79¯lÒ)5g«gÀ�
«g24»9¨924l«gÀ8±�¶C20¬9¯W79:824·l2�¬9287;©i¶C¸O5�¬92�¸;24¨G\«E58¨9«g¯|:4³W5gFC3H2a¶C¯lºGl«g:8F9©

λ
@�:�¨9¯\¶CFG58·l28¨C5EDGÀ4¨9´�µ�¾lDG¯W3H¯W¨9«E5Eµ�28ª87C5g«g¨924·l2

¬97924¬G5g·\58«g287C5�¶C24l«E5g«g24»9¨92024·l7G58¨9F9»9F9«8À4Y©I¨9°aDG¯W:8´(3É¬97GF9ªgDGF9LQ¯l¨GF9¯W3 � ¸i28¨Gl«M58¨9«g24ºI¬92
λ
�o@R5�:�¶CFC5g·l24¨G5EDCÀ8¨9´�µ �

¬9¯W79:8´(3�¬9287;©i¶C¸i2;3>¬92
λ
=GPk58¸9FG3Ä28ª47G5g³W243�@iª8°W¶C¯a3IFGl¸i58«gÀ*2a¶C¯l«8´%º�¬G7928¬G58·\5g«g247�:*:8FO¶C¯( Û )

G =




εl,l′λb δl,l′
(
iω + p2

2m − µ
)

δl,l′
(
iω − p2

2m + µ
)

−εl,l′λb




−1

=
1

D




−εl,l′λb −δl,l′
(
iω +

p2

2m
− µ

)

δl,l′
(
iω − p2

2m
+ µ

)
εl,l′λb


 ,

��Í8×��

> 

) K �_úMî\õ9øMñEõ � üïúMí �Mþ\ð�û �_ü�þ\îoþ ω ô �Eíïüïÿ �EñMü �Mðaí�þ\íïø��Iû��_üïþ\îoþ���õ �UAaö�P��_ðaîoóoü �añMí 	>�ë
) ��YýEñ�PoðMîoóoîoûMø �Yò�ñMøMó��_ðMñ��_øaþløaîoü�þ\ÿ%þ\íïîoðMñMñ#úMîoôïóoî_ýMòMíïþ(üïñMø��WðMîoøMøMî(õ9íïøaòMþ\ÿ H �_ô �0úMî_ýEíïù ψ+ � ψ ñ � ü~ýEí �Eîoó��_þ\í~ýEÿoøMî � ñMü ��_þlÿ�óoí�÷Rí �üïþ\óoí�øaøaö�� �lîoøMüïþ �_øMþoö b 	

Ç �



³o¶£¯W\À
δl,l′ =

(
1, 0
0, 1

)
, εl,l′ =

(
0, 1

−1, 0

)
, D = ω2 +

( p2

2m
− µ

)2

+ (λb)2.

1�5EL)¶C´%ºN¾lDG¯W3H¯W¨9«Q3658«g79F9¿G´
G
l543�©9:gD9©9¯W«8Y©|365g«g79FG¿9¯lº�¬92Ql¬9F9¨924:8´(3�³l¨G5M»G¸i543�¾\DG¯l¸G«g7928¨G28:

l
@
l′
@;»9«g2Q28«g7C5ELQ¯W¨92

:��¤Í4×���3H¨92MLNF9«g¯lD9©G3HF
δl,l′

@
εl,l′
@9¬92a¶C24ª87G58¨9¨9´(3HF�&°i»9¯W«g243Ä5g¨G«gFG\FC363H¯l«g79FGF�7G58Wl365g«879F9:458¯W3H24·l2)¬97928¬C5g·\5g«8287G5G=

§�D9©I¬924¨9FG3658¨9FO©I©9:8DG¯l¨9F9©�\:4¯l7;µO¬97928:42a¶CFG3H2;\«gF�@�¸O5g¸IF�:�¬97G¯o¶C´�¶C°i®Q¯W3É7G58³o¶C¯lDG¯8@6l°;®Q¯Wl«g:8¯W¨9¨9´(3©9:gDG©9¯l«8Y©
\¬G¯l¸9«g7>:428³Wª8°;L)¶C¯l¨9FGº�@�28¬97G¯o¶C¯lD9©9¯W3H´%º�¬928DG±#W583HF�¬97924¬G5g·\58«g287G5 �¤Í4×��\=��#ª8´%»9¨9´%º>l:828ª42a¶C¨9´%º�¬97928¬C5g·\5g«8287�24¬979¯l¹
¶C¯lD9©9¯l«)¨G583�:Q24¸979¯a\«g¨92;\«gF�l²&¯W79´ ��¯W7G3HF � ·Y¶C¯

µ ' EF = p2
F /(2m)

�!l¬9¯l¸G«g7�¾\DG¯W¸9«g7924¨928:��
E = iω = p2/(2m)−

p2
F /(2m) ≈ pF (|p| − pF )/m,

l¬9¯l¸9«87�
_¶C´%7924¸�
�28«aDGF9»C5g¯l«4Y©�28«)¨9¯W·l2*³l¨G58¸i243�= �&³l24ª87G5gLQ¯W¨9¨9´%º�¨C5Q7GFGg=9ÖC@;¶£5g¨G¨9´%º
\¬G¯l¸9«g7�¸O5M»9¯Wl«g:8¯W¨9¨92�µ;5g7C5g¸9«g¯W79F9³W°8¯l«)\FGl«g¯W3H°�:�
\¨9287G365gDGÀ8¨G243R
"79¯\LNFG3H¯4=9Ü&2gDG¨G´%º�¬97924¬G5g·\58«g287%�¤Í8×��"28¬979¯\¶C¯\DG©9¯l«
¨G543�l¬9¯l¸9«87�lFG\«8¯W3H´:*58¨924365gDGÀ8¨G243>79¯lLNFG3H¯

E =
√

Λ2 + (p2/(2m) −EF )2,
�¤ÍV���

F9³W28ª87C5ELQ¯W¨9¨9´%º�¨G5>7GFGg="Ö�\¬ODC28Ò�¨G28º�DGF9¨GF9¯lº�=�Ü�5g7G543H¯l«g7
Λ ≡ λb

¨G24\FG«>¨G5g³W:45g¨GF9¯ 
o¬G587G583H¯W«g7G5�®Q¯\DGF�
g="Ü&28¹
©9:gDC¯l¨9F9¯*:�\¬G¯l¸9«g7G¯�\FGl«g¯W3H´�®�¯lDGF�F�24ª8¯a\¬9¯W»9F9:458¯l«�:828³a3H2MLN¨924l«gÀ�¬G7928«g¯W¸O5g¨9FO©�«g28¸O5�ª8¯W³N\28¬G7928«gFG:gDG¯W¨9FO©�@�«M=k¯4=
©9:gDC¯l¨9F9¯*\:4¯l7;µO¬97924:82a¶CFG3H2;\«gFk=GÁ(¨G5gDG28·WF9»9¨92�«g2;3H°8@ ¸O5g¸0¾W«g2�ª4´�DG2�24¬9FGW5g¨92�:�¬979¯\¶C´�¶C°i®�¯a3¢7G58³o¶C¯lDG¯8@£¯W\DGF�¾lDG¯l¸9¹
«g7924¨9¨G5g©�²&¯l7C3HFO¹¤LNFi¶£¸;2;\«gÀ*«g¯W»9¯l«*¨9¯�\DGF9Ò�¸i2;3Iª8´(l«g792�� ¾lDG¯l¸G«g79F9»9¯a\¸9FGº�«828¸�¨9¯�oDGFGÒ�¸i243�:8¯\DCF9¸��":824³lª8°;L)¶C¯W¨9F9¯
:8¨G°;«879¯l¨9¨GFOµ�l«g¯l¬9¯W¨9¯lº�l:828ª42a¶C´�¾l¨G¯l79·W¯l«gF9»G¯W\¸GF�¨G¯l:8´%·W2a¶C¨92C@;¬G28¾l«8243H°�«828¸�«g¯l»9¯W«Nª8¯W³&l28¬97G28«gF9:8DG¯l¨GFO©�=
�&«g24ª8´�:4´%»9FG\DGF9«gÀ�³W¨G5M»9¯l¨GF9¯�¬G5g7G543H¯l«g7C5

Λ
FN°;³W¨G5g«8ÀG@E¬979F*¸O5g¸GFOµQ°;oDG24:8FO©Oµ�:428³W3H2MLN¨92�58¨924365gDGÀ8¨924¯"7G¯lÒ�¯W¨9F9¯4@

¨9¯W28ªMµ42a¶£FG3H2�7C5g³l7G¯lÒ�FG«gÀ>°i7G5g:4¨9¯l¨9FG¯ �¤ÍEÖ#�o@R¬G2a¶£\«E5g:4F9:�:>¨9¯l·W2I5g¨9³a5g¿ �¤Í4×��o= �#«83H¯l«gFC3�@"»9«82I°i7G5g:4¨9¯l¨9FG¯�§Q5gºGl28¨G5
FG3H¯W¯l«�:0¶£5g¨G¨9243É\DG°i»G5g¯�365g«g79FG»9¨9´%º�:4Fi¶��k¶GD9©I¨G58Ò�FOµ>¿9¯lDG¯lºI¶C24l«E5g«g24»9¨9207G54lW3H28«g79¯W«gÀ0DC¯l:8´%º�:8¯l7;µO¨9F9º>°i·W2gD
¾l«828º�365g«g7GF9¿9´

(G−1)ψ+ψ+ + λ = (G−1
0 )ψ+ψ+ ,

·Y¶C¯4@W:hl2824«g:8¯W«8\«g:4F9F�!l«E5g¨i¶£5879«g¨9´(3HFQ¬97G58:8FODC543HF�¶CFG58·l7G54363H¨928º�«g¯lµO¨9F9¸9F�@M:(¬G¯l«aDG¯l:4°i±>¶CFG58·l7G54363H°#¶C2gD9L)¯l¨�ª4´%«gÀ
¬92a¶£l«E5g:gDC¯l¨�¾lDG¯W3H¯W¨9«&¬97924¬G5g·\58«g287G5

Gψψ
¬979F*\24:8¬G5E¶£5g±#®�FOµ�¸i282474¶CF9¨G58«M5gµ�F):479¯W3H¯W¨G5Eµ Z ) =gÜ&79F):8´%»GFGoDG¯W¨9F9F*¾l«828º¶CFG58·l7G54363H´ �¤l3�=�ÆÓÇoÈ���¬97924®�¯&:4l¯l·l2*7G58³\DG2MLNF9«8À

Gψψ
¨G5)¬97G24\«8¯lº9ÒQF9¯�¶C7924ª8F

εl,l′Λ

2iE

( 1

ω − iE
− 1

ω + iE

)

�
E
28¬979¯\¶C¯\DC¯l¨92>: ��ÍV���=�*F�:4´%¬92gDG¨GF9«gÀI24ª87G58«g¨928¯�¬G79¯l24ª87G58³l28:;5g¨9FG¯���°i79À8¯�¬92

ω
@!:424\¬G2gDGÀ4³l28:;5g:4Ò�FGlÀ�«g¯a3�@"»9«82

¬979¯W28ª47G5g³W28:458¨9F9¯	��°;7GÀ8¯Q¶GD9©>¸O5EL)¶C24º�¶£7928ª4F�l28:8¬C5M¶£58¯l«�NF9³l:4¯Wl«g¨9´(3Ú28«g:4¯l«g2;3 � �V��Q¶C2428¬97G¯o¶C¯lDG¯l¨9FG¯W3 �����¬G79F
\24:8¬G5E¶£5g±#®�FOµ05879·l°O3H¯l¨G«M5gµ

t
@
t′
=�?"´%»GFGoDG¯W¨9F9¯*¬9¯W«WDC¯l:824º�¶CFC5g·l7C58363H´�:�FG3H¬G°WDCÀ4\¨G243¢¬G79¯o¶£l«E5g:gDC¯l¨9F9F�28³W¨G5M»G58¯l«M@

»9«g2�¬92gDC°;»GF9:8ÒQ¯l¯WY©�:4´%7G5EL)¯l¨9F9¯�¶GD9©0¬97924¬G5g·\58«g287C5Q¶C2gD9LN¨92�ª8´%«gÀ�¬97924F9¨9«g¯W·l79F97G28:458¨92N¬92�FG3H¬9°aDGÀ4l°
p
= �#¸i28¨9»G5g¹

«g¯lDGÀ8¨92*¬928DG°i»G5g¯W«8Y©�FG¨9«g¯l·W7G5EDCÀ8¨924¯�°i7G58:8¨9¯W¨9F9¯

1 =
λ

(2π)3

∫
dp

2
√

Λ2 + (p2/(2m) − µ)2
��� β

√
Λ2 + (p2/(2m) − µ)2

2
.

�¤Í����

ÕC¶C¯a\À�F9¨9«g¯W·l79F97G28:458¨9F9¯):8¯\¶C¯l«8Y©0¬G2�«g24¨9¸i243H°�oDC28±�¬9287;©i¶C¸O5 |p − pF | . meωD/pF
�
ωD

�Ë»G54\«g24«M5N§�¯lª;5E©�@
me�K3654lW5*¾\DG¯W¸9«g7924¨G5��(:|28¸97G¯W\«8¨924l«gF�l²&¯W79´ ��¯l7G3HF�:|FG3H¬9°aDGÀ;\¨92;3�¬97924l«g7G58¨G\«g:4¯8=���\¬928DGÀ8³W28:458¨9F9¯�²&28¨G28¨9¨924·l2

¬97924¬G5g·\58«g287C5
G
�¤Í8Í���¨G5�¶£5g¨G¨9243�F9¨9«g¯W79:45gDG¯�F9¨9«g¯W·l79FG7928:;5g¨9FO©�©9:gD9©9¯W«8Y©�24ª82;\¨924:45g¨G¨9´(3�=

Ðh7C5g:8¨G¯l¨9F9¯ �¤Í����*79¯WÒQ5g¯W«8Y©�»9FG\DG¯l¨9¨G2G=�Ü&79F�7G5g³W¨9´�µ�«g¯W3H¬9¯W7G5g«8°;7C5Eµ�·l7G54²&F9¸9F�³a5g:8FC\FG3H2;\«gF�¬97C5g:824º�»G58l«gF
°i7G5g:4¨9¯l¨GFO©��¤Í����H28«�¬C5g7G543H¯l«g7G5�®�¯\DCF

Λ
F9³W28ª47G5EL)¯l¨9´Ä¨G5�79FCg=O×O=4Ü&2�·l7G54²&F9¸9°):8Fi¶C¨G2G@g»9«82�¬979F

T > Tc
°i7G58:8¨9¯W¨9F9¯

�¤Í��V��¨9¯�FG3H¯W¯l«�79¯lÒQ¯l¨9FO© � °i7G5g:4¨9¯l¨GF9¯*§Q5gºC\28¨C5�FG3H¯l¯W«�«g28DGÀ8¸i20¨G287G365gDGÀ8¨924¯�79¯WÒ�¯W¨9F9¯��\@
Tc

��«8¯W3H¬9¯W7G5g«g°i7G5G@�¬G79F
¸i28«g247928º*¬92M©9:8D9©9¯l«4Y©N58¨924365gDGÀ8¨G28¯�79¯lÒQ¯l¨9FG¯(°i7G5g:4¨9¯l¨9F9©Q§Q58ºG\24¨G5�F|28ª4¨G5g7G°4LNF9:;5g¯W«8Y©)l:8¯l7;µO¬97924:82a¶CFC3H24\«8ÀG@E¸i28«g28¹
7G5g©�FG3H¯l¯W«�3H¯a\«g2�F�¶CD9©

T < Tc
=�?Â¬9¯W79:82;3�¬979F9ª8DGFOL)¯l¨9F9F0¶GD9©�¬C5g7G543H¯l«g7G5�®�¯lDGF�:4ªgDGFG³lF

Tc
3H2MLN¨92�¬92gDG°i»9FG«gÀ

ÆÓÇ\È
Λ ≈ 3.06Tc

√
1 − T/Tc, Tc = Tc(m,λ, µ).

> >
) �
�oõ9íïþ\ñEõ � ûMþ\î�úMðMîoú ��� �_þ\îoð Gψψ úMðañ�üïîoóoú���� ����÷!ñ�&óoðMí�õ9í�ø ���&øMí6þ\ðMíFP_ö\íïþ �EîoîoúMðaí �MíïýMí�øañaò
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"RFG8=9Ö "RFG8=£×

� � �������K,�
��� �

?I¶£5g¨9¨G243�°i»9¯lª4¨9243�¬G24\24ª8F9F*7G54lW3H28«g79¯W¨9´�24l¨928:4´�\«E5g«gFC\«gF9»G¯W\¸i24·l2�24¬9FGl58¨9FO©�²�58³l28:4´�µ�¬9¯W79¯\µ;2a¶C28:�:Q¸9:458¨O¹

«g24:8´�µ�\FGl«g¯W365gµ �l©9:8DG¯l¨9FGºQ\:4¯l7;µO«g¯l¸G°;»G¯W\«8F�F�¨9FG³l¸i28«g¯a3H¬9¯l7C5g«g°i79¨924º�\:4¯l7;µO¬97924:82a¶CFG3H2;\«gFk=W<058«g¯l79FC5EDQ3H2ML)¯l«(24¸i5g¹
³W58«gÀ4Y©�¬928DG¯l³W¨9´(3HF0¸O5g¸0l«g°W¶C¯l¨9«E543�F058\¬GF97G5g¨G«M543�²&F9³lF9»G¯W\¸i24·l2|²�5g¸G°WDCÀE«g¯l«E59@C\¬9¯W¿9FG5EDCF9³lF97G°;±#®�FG36Y©0:�¬979FG3H¯l¹
¨9¯W¨9F9FI3H¯l«82a¶C28:�¸9:;5g¨9«828:824º�«8¯l287GF9FI¬928D9©�:�³W5M¶ 5M»G5Eµ�l«E5g«gFGl«gF9»9¯a\¸i28ºI²&FG³lF9¸9Fk@�«E5g¸>FI\¬G¯l¿9FG5gDGFGl«M543:�¶£5g¨9¨G28º
28ª8DC58l«gF�= �#ª4l°;LQ¶ 5g¯W3H´%¯�:824¬97924l´�¶C¯W3H24¨G\«879F979°i±h«�:4³W5gFC3H24\:8©9³W58¨9¨924l«gÀ07G58³\DGFG»9¨9´�µI28ª8DC58l«g¯lº�«g¯l2479¯l«8F9»9¯Wl¸i28º
²&F9³WF9¸9F�@ oDG°;L*5g«|¬97GFG3H¯l792;3�¬979FG3H¯W¨9FG3H2;\«gF�3H¯l«g2a¶C24:|¸9:;5g¨9«g24:824º�«g¯l2479F9F0¬928D9©0:|³a5M¶£5M»G5gµ�l«M58«gFGl«gF9»9¯a\¸i28º�²&F9¹
³lFG¸9F�F�3H28·W°i«�ª8´%«8À�«E5g¸9LQ¯*¬92gDC¯l³l¨G´(3HF�\¬G¯l¿9FG5gDGFGl«M543¢:�28ª8DC58l«gF�¸9:;5g¨9«828:824º0«g¯W2879F9F�¬928D9©�¬979F�¬924FG\¸i¯)¨928:4´�µ
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